FIELDS WITH ANALYTIC STRUCTURE 

R. CLUCKERSi AND L. LIPSHITZ^ 



Abstract. We present a unifying theory of fields with certain classes of an- 
alytic functions, called fields with analytic structure. Both real closed fields 
and Henselian valued fields are considered. For real closed fields with analytic 
structure, o-minimality is shown. For Henselian valued fields, both the model 
theory and the analytic theory are developed. We give a list of examples 
that comprises, to our knowledge, all principal, previously studied, analytic 
structures on Henselian valued fields, as well as new ones. The 6-minimality 
is shown, as well as other properties useful for motivic integration on valued 
fields. The paper is reminiscent of [Denef, van den Dries, p-adic and real 
subanalytic sets. Ann. of Math. (2) 128 (1988) 79-138], of [Cohen, Paul J. 
Decision procedures for real and p-adic fields. Comm. Pure Appl. Math. 22 
(1969) 131—151], and of [Fresnel, van der Put, Rigid analytic geometry and its 
applications. Progress in Mathematics, 218 Birkhauser (2004)], and unifies 
work by van den Dries, Haskell, Macintyre, Macpherson, Marker, Robinson, 
and the authors. 



1. Introduction 

We begin with some background. Let A be a Noetherian ring, t G A and assume 
that A is t-adically complete. The notion of a valued field with analytic A-structure 
was introduced by van den Dries in [vdD] . The principal example is A — 
and the corresponding "analytic functions" are the strictly convergent power series 
over A (i.e. the elements of T„(Z[[t]]) = {J^'^'^^'^ '■ ^ <-adically as |;/| oo}-) 
The natural homomorphisms Z[[t]] Qp,t t-^ p, and Z[[t]] ¥p{(t)), Z Z/pZ 
give homomorphisms of r„(Z[[t]]) to T„(Qp) = Qp(0 and T„(Fp((i))) = Fp((t))(0, 
the rings of strictly convergent power series over Qp and ¥p{{t)) respectively, and 
thus the fields Qp, Fp((i)) and ultraproducts of these fields are all structures in 
a natural way for the valued field language with function symbols for the ele- 
ments of Um This formalism was used by van den Dries to establish 
an analytic analogue of the algebraic quantifier elimination theorem of |Paslj and 
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also an analytic version of the Ax-Kochcn Principle (when ^ is a discrete valu- 
ation ring), namely, if is a nonprincipal ultrafilter on the set of primes then 
{IlpQp)/U = {IlpFp{{t)))/U, in this analytic language. 

In jPHM] results about p-adic subanalytic sets were established by studying 
nonstandard models of the theory of Qp in the language with symbols for the 
elements of Uri^n(*Qp)' ^^'^ strictly convergent power series over Qp. This can 
be thought of as an investigation of fields with analytic Zp-structure, i.e. taking 
A = lip, t = p. 

In [DMM1| it was observed that if if is a maximally complete, non-archimedean 
real closed field with divisible value group, and if / is an element of M[[^]] with radius 
of convergence > 1, then / extends naturally to an "analytic" function /" — ^ K, 
where I — {x E K : — l<x<l}. Hence if A is the ring of real power series 
with radius of convergence > 1 then K has analytic yl-structure i.e. this extension 
preserves all the algebraic properties of the ring A. The real quantifier elimination 
of [DDj works in this context implying that K is elementarily equivalent to the 
subanalytic structure on R and hence o-minimal. See |DMM2| and |DMM3| for 
extensions. 

Some of the results of [LRl] also fit into this context, li K C K' are complete 
(rank one) valued fields, then the separated power series Sm.n{E, K) define analytic 
functions on {K'°Y' x (iC'"")" and (iC^'Jg)™ x {K'°°y\ where K'^i^ is the algebraic 
closure of K' , and furthermore K'^^g has quantifier elimination in the corresponding 
separated iiT-analytic language. In [LR2j similar results were established for certain 
subrings of the Sm,n, namely the elements of Sm,n{E,K) that are existentially 
definable over Tm+n{K), and this was used to establish quantifier simplification 
for K'^ig in the corresponding strictly convergent (or affinoid) analytic language 
(i.e. the language with function symbols for the elements of IJ^ Tm{K)). 

In |LR3| the notion of analytic Z[[i]]-structure of [vdDj was extended to the sepa- 
rated context and this was used to establish various uniformity results on quantifier 
elimination, smooth stratification, Lojasiewicz inequalities and topological closure 
for rigid semianalytic and subanalytic sets for algebraically closed valued fields. 
The notion of analytic IJ^ ^ S'm^„(£', -fC)-structure was also extended to nonstan- 
dard models. 

In [CLRlj . sections 1 and 2, an, in some ways, more general framework than 
that of [vdDj for studying Henselian valued fields with analytic structure in analytic 
Denef-Pas languages was given, and used to prove a fairly general Cell Decompo- 
sition Theorem which was applied to certain questions in motivic integration. It 
required an analysis of terms and definable functions in one variable. This frame- 
work for Henselian valued fields with analytic structure has been further developed 
and apphed in [Cel| . [Ce2] and |Ce3| . 

In |LR4j quantifier elimination and o-minimality for the field K = Unl*((^^^")) 
of real Puiseux series (or its completion K) in an analytic language with function 
symbols for t-adically "overconvergent" power series (for example E„(n -|- l)!t"x" 
which converges on the disc {x: \\x\\ < \\t~'!\\}, and hence is t-adically overconver- 
gent on K°) was established. These power series define analytic functions /" — > K 
but do not live in any o-minimal expansion of M (see |HPj ) . In |CLR2| these results 
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were extended to larger classes of "analytic" functions on more nonstandard real 
closed fields. These results also required analyses of terms and definable functions 
in one variable. 

All the above mentioned work involved the study of (usually) nonstandard fields 
(either Henselian or real closed) in a language with function symbols for a (fre- 
quently standard, but sometimes nonstandard) family of analytic functions. Re- 
sults are established for the nonstandard fields using algebraic properties of the 
ring of "functions" in the language (for example parametrized Weierstrass Prepa- 
ration and Division, a Strong Noetherian Property and sometimes compactness.) 
In this paper we endeavor to give a sufficiently general framework for fields with 
analytic structure to unify the above-mentioned work and hopefully to facilitate 
further applications. 

In Section[2]we briefly review some facts about maximally complete valued fields. 
In Section [3] we give the basic definitions and properties of (ordered) fields with 
real analytic structure. In Section [4] we give the definitions and basic properties 
of Henselian fields with separated analytic structure. Basic for model-theoretic 
results (such as cell-decomposition, o-minimality) is an understanding of functions 
of one variable defined in an arbitrary model. The basic results on functions of one 
variable in the separated case are presented in Section O These results also extend 
the classical affinoid results when K is algebraically closed and complete (and of rank 
1) to the non-algebraically closed and the quasi-affinoid cases. The corresponding 
results on functions of one variable in the real closed case are in |CLR2| . section 
3. In Section 6 we generalize the cell decompositions of fC LRlj to Henselian fields 
with analytic structure and also establish "preservation of balls" and a Jacobian 
property for these structures, which are useful for change of variables formulas for 
integrals. 

Another axiomatic approach to analytic structures, close to the one in j PHMj . 
is given by Scanlon in [ScanlCM^ where he also studies liftings of the Frobenius. 

Notation. For K a valued field, write K° for its valuation ring with maximal ideal 
K°°, K its residue field and Kaig for its algebraic closure. Usually K is Henselian 
and then Kaig carries a unique valuation extending that of K. We denote the 
(multiplicative) norm on ii' by | • |. 

2. Maximally Complete Fields 

In this section we recall some of the properties of maximally complete valued 
fields, also called Malcev-Neumann fields. See |Kap| , [Po l and the references therein. 
In the equicharacteristic case, the maximally complete field K with residue field K 
and value group F (most often written additivcly, sometimes multiplicatively) is 

^((F)) = agt<^ : age K, / C F weh ordered} 

gel 

In the mixed characteristic case (see |Poj l we let A; be a perfect field of characteristic 
p, R a. complete discrete valuation ring of characteristic zero with R = k and let 
i? C i? be a set of multiplicative representatives of fc in i? (i.e. E contains and 
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one element from each nonzero equivalence class of B = R/R° where R° is the 
maximal ideal of R). Choose an embedding of Z ^ F. The maximally complete 
field of mixed characteristic is constructed in Po^ . It is 

^((r)) = agto : ag£E, I CT well ordered}. 

(The "coefficients" Og are added and multiplied according the addition and multi- 
plication in R, using the fact that each element of R has a unique representation 
of the form X^geN^s*'^' ^ 

In both the equicharacteristic and the mixed characteristic cases we can write 
an arbitrary element of K{{T)) or R{{T)) as a = E^grOgi^ where the sum is over 
all of r, but we require that la = {.g: 7^ 0} be a well ordered subset of F. We 
call la the support of a, denoted supp{a). 

The (multiplicative) norm | • | on i?((F)) is \ '^9^^\ ~ "^here go is the 

smallest g £ I with Og 7^ 0. 

3. Real closed fields with analytic structure 

As we mentioned in the introduction, non-archimedean real closed fields with 
various analytic structures were considered in [DMMl] . pMM2| . [DMM3| . [LR4| 
and ' CLR2| . In this section we establish a general framework for fields with real 
analytic structure. 

3.1. Definitions. Let v4„ q,,?i e N, a G M, a > be the ring of real power series 
in (^1, . . . , (i.e. elements of . . . , ^„]]) with radius of convergence > a, and 

let F be an ordered abelian group. 

In analogy with the notation of Section [2] we define 

Ai,a((r)) - { 51 fgt' ■■ fa e and / C F weh ordered}. 

gel 

Clearly Ao,„{(T)) = M((F)) C A„,a((r)). Note that M((F)) inherits a natural order 
from the order on R and on F. If F is divisible, then M((F)) is real closed. We shall 
denote the absolute value arising from this order by | • |, and denote the norm on 
M((r)) by II • II to distinguish it from | • |. This norm extends to the gauss-norm on 
^n,a((r)), also denoted || • ||, defined by || X^ge/ fg^^W = where go is the smallest 
g (z I with fg 7^ 0. We call fg^ the top slice of /, and call / regular in ^„ of degree 
s at a point c in [—a, a]" if /o is regular in the classical sense in ^„ of degree s at 
the point c° , the closest element of R" to c. 

Definition 3.1.1 (Real Weierstrass system). Let B = {Bn,a'- n e N, a G R+} be 
a family of M-algebras satisfying 

C A m) 

for each n and a. We call the family B a real Weierstrass system if the following 
conditions (a) and (b) are satisfied: 

(a) (i) If TO < to' and a' < a then Bm,a C Bm',a' and Bo^a = Bo,a'- (We allow 
the possibility that Bo :— -Bo, a is a proper R-subalgebra of R((F)).) 
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(ii) If / e B,n+n,a and f = J2f_L /^(^i' • ■ ■ ' where 77 = (^m+i, • ■ ■ , Sm+n), 
then the e Sm.a- 

(iii) If / e a g (-a, a)" n R", and r G R+, then /(r • + a)) belongs 
to B„i^s, with (5 := min((Q; — a)/r, (a + a)/r), and where /(r • + a)) is 
considered naturally as an element of An^s{{T)). 

(iv) If / G -Bn,a then af £ Bn.a for some a in i?o satisfying ||a/|| = 1 with || • | 
the gauss-norm on yl„,a((r))- 

(b) Weierstrass Division: If / G i?n,a with ||/|| = 1 is regular in ^„ of degree s at 0, 
there is a (5 > 0, (5 G K such that if (7 G Bn a, then there are unique Q G i?n,5 and 
i?o(C'),---,fis-i(e') G with |lQ||,||i?^|| < ||.g||, such that 

9=Qf + RoiO + RliO^n + ■■■+ Rs-liOC~'- 

Definition 3.1.2. If a real Weierstrass system B := {Bn^a- n G N, a G M+} 
satisfies in addition the following condition (c), then call B a strong, real Weierstrass 
system. 

(c) If f{^,Vi,V2) e Bn+2.,a there are fi{£.,m,m), h{£.,V2,V3) and Q{£„m,m,V3) G 
Bn+3,a such that 

m.m^m) = fii£„vi,V3) + mf2{S.,'n2,m) + Q ■ {mm - m)- 

Remark 3.1.3 (Weierstrass Preparation). Suppose that the family B = {i?„,a} is a 
real Weierstrass system. If / G Bn ^ with ||/|| — 1 is regular in ^„ of degree s at 0, 
then there is a (5 G M, 5 > 0, such that we can write uniquely 

where: 

Ai, . . . , As, G Bn-i,s, and U G Bnj is a unit, 

Pi||,...,||A,||,||C/||<land 

Pi(0)||,..., 11^(0)11 < land ||C/(0)|H1. 

This can be seen by taking g = in axiom (b) and using the case s = to see 
that if IIQII = 1 and Q is regular of degree at 0, then Q is a unit. (The special 
case n = s = shows that if a G Bq, \\a\\ — 1, then a is a unit in Bq, and hence, 
using (a)(iv), that Bo is a subfield of R((r)).) 

Remark 3.1.4. (i) Condition (c) of Definition 13.1.21 is used in the proof of o- 
minimality (see Theorem 13.4.31 ) This condition does not follow from the other 
conditions, as can be seen in Example 13. Sr ?) below. However, every real Weier- 
strass system can be extended to a strong real Weierstrass system since the Weier- 
strass system {An^aii^))} is strong, see Example 13.31 (6). To prove o-minimahty 
for real closed fields with (not necessarily strong) analytic structure it is sufficient 
to prove o-minimality for real closed fields with strong analytic structure. The 
proof of o-minimality for real closed fields with strong analytic structure is given 
in [CLR2| . Section 3, where Condition (c) is used (implicitly), roughly speaking to 
write /(x,i)=ff(a:) + iMi). 

(ii) Weierstrass Division guarantees that if / G Bn,a and divides / as an 
element of A((r)) (i.e. /(^i, . . . ,£,i-i,0,^i+i, . . . ,^„) = 0) then there is a (5 > and 
an element g G Bn.s such that / = ^tg. It is not the case that if / G An,a has no 
zero in the (real) polydisc [—a, a]", then / is a unit in Bn,a- To see this consider 
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f — 1 + Bi^i. The units in Bn^a are the functions that have no zeros in the 
complex polydisc {x £ C: \x\ < /3}", for some a < f3 £ R. However, if / G Bn,a 
and /o, the top shce of / has no zero in [—a, a]" then [—a, a]" can be covered by 
finitely many (smaUer) polydiscs on each of which /o is a unit. It then foUows from 
conditions (a) and (b) of Definition 13.1.11 that / is a unit in the rings Bn^s on each 
of these smaUer polydiscs. If / € Bn.a and /o is not at 0, then / is regular of 
degree at 0, and hence by Weierstrass Division, a unit. In other words, if / € -Bn,a 
satisfies /o(0) ^ then / is a unit in Bn.s for some S E M+. 

(iii) It follows from Condition (a)(ii) of Definition 13.1.11 that if / G B„i+n,a and 



(iv) The proofs in [CLR2] . Section 2 (in particular of Theorem 2.5), with very minor 
modifications, show that the rings Bn,a ~ ^n.Q((r)) satisfy conditions (a) and (b) 
of Definition 13.1.11 Condition (c) is immediate. We shall refer to this Weierstrass 
System as A{{T)) and call it the full Weierstrass system based onT. It is the largest 
Weierstrass system corresponding to F. The axioms allow us to "evaluate" elements 
of A„^Q,((r)) at arguments a G Bq n [—a, a]". By axiom (a)(iii) it is sufficient to 
consider the case o° = 0, i.e. a ~ (ai, • • • ,a„) with the all infinitesimal (i.e. 
Ilflill < 1.) Then, by Weierstrass Division, 



for a unique b G M((r)), since £,i — ai is regular of degree one in at 0. Let J C F be 
well ordered and satisfy J + J — J and supp{f), supp{ai) C J. Then an induction 
on J shows that b = J2gei fai^^)^^' where fg{£,) = J^,, ^avi" and ]g{a) = Yl,v ag^a". 
A similar argument allows us to "compose" elements of A{{r)). More precisely, if 
/ G Bjn,a and gi, ■ . ■ ,gm G -8^,7 with ((7i)o(0) = a^, where (g^o is the top slice of 
(7i, \ai\ < a, and \\gi\\ < 1 for i ~ 1, . . . ,to, then there is a /3 G M, /3 > such that 
/(.9i(0> ■ • ■ ,5m(0) is in B,n,0- 

(v) By (iii) A{{T)) is also closed under the taking of natural derivatives in A{{T)). 
More precisely, taking m — 1 for notational convenience, composing / G i?i.a with 
X X + y, writing f(x + y) ~ foix) + fi{x)y + . . . and defining /' as /i, by 
construction one sees that /' is in Bi s, for some < S < a, giving a derivation 
Bi^s Bi s which extends the natural derivation on Ai g. 

(vi) Since all the above mentioned data are unique in ^((F)), and by the axioms 
exist in any Weierstrass system B contained in ^((F)), they are also unique in B. 

3.2. The Strong Noetherian Property. We prove a Strong Noetherian Prop- 
erty (Theorem l3.2.2p for real Weierstrass systems, closely following [CLR2j Lemma 
2.9 and Theorem 2.10. Since this is a fundamental property, and the ideas of the 
proof are used again in section 14.21 we give complete proofs. We write B!^ ^ := 



/ = Ep/M(fl'■•■'Cm)'7^then 




fj,i>d for 
i— I,--- ,n 



f = b+Y,Q^■i^^-a^) 



{feB,n,a - 11/11 < 1}. 



The following Lemma is used to prove Theorem 13.2.21 
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Lemma 3.2.1. Let B = {Bm,a} be a real Weierstrass system and let /(^,?7) = 

Then the f ^ G B^ji ^, by Definition \3A7^a) (ii) . There is 
an integer c? G N, a constant /? G M, < /? < a, and G B°^^^^ ^ for < d, such 
that, considering f G Bm+nji, 

\fj.\<d 



Proof. By Property (a)(iv) of Definition 13.1.11 we may assume that ||/|| = 1. 
Choose a vq such that Wf^^W = 1- Making an M-hnear change of variables (al- 
lowed by Remark 13. 1.4p . and shrinking a if necessary, we may assume that f is 
regular in at of degree s, say. Write ^' for (^i, . . . ,^m^i). By Weierstrass 
Division there is a /3 > and there are Q{^,ri) G Bm+n.fj and 

such that 

By induction on m, we may write 

\fj.\<d 

for some d G N, some /3 > and e B^^„_^j^. Writing R = E.MOv", 

observe that each i?^ is an i?^ ^-linear combination of the J^, since, taking the 

coefficient of rj" on both sides of the equation /(^, 77) — f^^ iOQH^ v) + ^($1 '7); we 
have 

Consider 

\fj.\<d 

— £.m[Sl + S2£,m + • • • + S's-lCm ^] 

= • Cm ■ "S", say, 

where the Si G -S°i+„_i./5- Again, observe that each Si, is an 5°^^^— hnear combi- 
nation of the f^,. Complete the proof by induction on s, working with S instead of 
/• □ 

Theorem 3.2.2 (Strong Noetherian Property). Let B — {Bm.a] be a real Weier- 
strass system and let f{S,,ri) = J2 fj, f fj.iOv^ ^ Bm+n.a- Then the f^ G Bm,a and 
there is an integer d G N, a constant /3 > 0, /? G M and units U^{S,,ri) G ^ 
for < d, such that, considering f G Bm+n,5, 

/-E7M(0'?''f^M(e,^), 

M6J 



where J is a subset of {0, 1, . . . , dY 
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Proof. It is sufficient to show tfiat there are an integer d, a set J C {0, 1, . . . , d}", 
and e B°n+n,0 ^^ch that 

(3.1) f^Y.J^Ori'-g^.ii^v), 

since then, rearranging the sum if necessary, we may assume that each is of the 
form \ + where £ {'n)B'^i+n p- Shrinking f3 if necessary will guarantee that 
the are units. But then it is in fact sufhcient to prove (j3.ip for / replaced by 

for each /j in a finite partition {Ii} of N" and to show that //^ is in Bm+n.p- 

By Lemma 13.2.11 there is an integer d g N, a constant /JgM, 0</3<q; and 
ff/. e ^m+„,/5 for 1^1 < d, such that, 

|^|<d 

Rearranging, we may assume for v, ^ £ {1, . . . , d}" that (5^),^ equals 1 \i ^ = v and 
that it equals otherwise. 

Focus on //j 77), defined as above by 
with 

/i :={!,..., d}" U {^i I Mi > d for aU i} 

and note that 

(3.2) fI^{.tv)=Y.^^.{09^.M{^.v) 

\^i\<d 

with (^, 77) e S,m+„ ^ defined by the corresponding sum 

The g^ji and //j^ are in B'^^^^ p. This follows from the axioms and induction on 
n. (See Remark [3X11) 

It is now clear that g^j^ is of the form 77'^ (1 + /i^) where ft,^ G (^)^m+n /j. 

One now completes the proof by noting that / — fj-^ is a finite sum of terms of 
the form fj^ for j > and a finite partition of N" and where each fj^ is in 

^°n+nj3 is of the form rjfqi^, 77') where 7;' is (771, ... , Vi-i,Vi+i, ■■■,Vn) and q is in 
7?-m_|_„_i ^. These terms can be handled by induction on n. □ 

Definition 3.2.3. Let B = {-B^.q} be a real Weierstrass system. Let K be an 
ordered field containing Bq as an ordered subfield. For each tt. G N, a G M, a > 
1 let (Tn^a be an R-algebra homomorphism from -B„,a to the ring of K valued 
functions on [—1, 1]", compatible with the inclusions Bn,a C Bn,f} for P < a, and 
respecting the translation conditions of Definition I3.1.ir a) (iii) . Write (t„ for the 
induced homomorphism on Uq;>i Bn,a- Suppose that the maps (T„ satisfy 



FIELDS WITH ANALYTIC STRUCTURE 



9 



(i) (To is the inclusion Bq C K 

(ii) (Tm(Ci) is the i-th coordinate function on {K°)"^, i — 1, . . . ,m, and 

(iii) cjm+i extends Urm where we identify in the obvious way functions on (/C")™ 
with functions on that do not depend on the last coordinate. 

Then we call the family a := {(Jn,a} a real analytic B-structure on K . 

3.3. Examples of real analytic structures. (1) Take F = {0} and i?„ q, = 

^n,a(({0})) = An^a- Then by the observations in (DMM1| every complete or max- 
imally complete real closed valued field containing R has analytic S-structure. In 
particular, M has analytic S-structure, so M with the subanalytic structure studied 
in [DDj is covered by our definitions. 

(2) Take r = Q and for aU a > let B„,„ := B„ := 

{ X! ^'^'PiiO ■ PiiO G l^K] and 7^ - edeg{pi) 00 for some e > O} 

^n,a((Q)) (in other words, the i-adically overconvergent power series, K{{(,)), 
where K is the completion of the field of real Puiseux series). Then we are in 
the context of considering the field K with the rings of t-adically overconvergent 
power series. This is the case considered in |LR4] . Observe that in this example 

M((r)) ^ K. 

(3) If in the context of (2) we take B' = {S^ „}, with B'^ ^ B'^ := 

{ f'PiiO ■ PiiO II^IC] and 7i — edeg(pi) 00 for some £ > 0, m G N} 

we may consider the field of real Puiseux series (rather than its completion) with 
real analytic yB'-structure. Hence this is an example of a field with real analytic 
structure that is not complete. 

(4) Take F = Q and let 

Bn^a = { i^'UiO ■■ U G Q 9 7, ^ 00} 

£ ^n.Q ((Q))- Then we are in the context of Section 2 of |CLR2| where we considered 
the completion of the field of Puiseux series with real analytic S-structure. If we 
take 

7i 00, for some m G N} 
and B' := {i?^ then the field of real Puiseux series has analytic S'-structure. 

(5) Take F — Q" with Q" ordered lexicographically, and 

Bn,c. = { J2 ^'faiO ■■ fa G An,c.,I C Q" well ordered}. 
gel 
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Then we are in the context of Section 4 of [CLR2j . Note that even for n = 1 there 
are more functions in this analytic structure than the one of example (4) . 

(6) (cf. Remark [3T4l ) Take T arbitrary and Bn,a = A„,„((r)). Then 
^((r)) :— {Bn^a} is a strong real Weierstrass system. The proofs of |CLR2j Section 
2, with very minor modifications, show that this family is a strong real Weierstrass 
system and that ]R.((r)) has real analytic ^((r))-structure. We call this the full 
real analytic M((r))-structure. 

(7) If we take F = {0} and Bn.a the ring of algebraic power series with radius of 
convergence > a, then the Bn,a satisfy conditions (a) and (b) of Definition 13.1.11 
but not condition (c). Indeed, if / = X]'^y^i^2 ^^'^ /i ^^'^ /z ^-re as in condition 
(c), then /i (0,773) = J^'^iiVl is the "diagonal" of /. Take 

/ = (1 - 47/1)^^(1 - 4772)"^ e ^2,a 

for a < 1/4. Then / is algebraic, but the diagonal of / is (^*) 773, which is the 
elliptic integral - . '^^ and not algebraic. (Cf. PL .) 

3.4. Model theoretic results. 

Definition 3.4.1. Let B :— \Bn,a) be a real Weierstrass system. Define the 
language Ls to be the language of ordered fields, (+, — , , <), together with 
symbols for all elements of B^^a for all 77 and a > 1. 

Remark 3.4.2. Let B := {-B„,q} be a real Weierstrass system and a a real analytic 
S-structure on a field K. Then for each a with 1 > a > 0, and each / G Bn.a, f 
yields a unique definable function (given by a term) from, for example, [—a/2, a/2] 
to if, by rescaling as in axiom (a). 

Theorem 3.4.3 (Quantifier Elimination and o-minimality) . Let K be a real closed 
field with a real analytic B -structure for some real Weierstrass system B. Then K 
has quantifier elimination in the language (with the natural interpretation) and 
is o-minimal in Cjj- 

Proof. The proof of the quantifier elimination for £g is a minor modification of 
the last section of [DDj : see [DMMlj . [CLR2j . [LR4j for similar such modifications. 
By this quantifier elimination, the natural theory of real closed fields with real 
analytic S-structure is complete in the language C^- Hence, it is enough to prove 
o-minimality for an expansion of one model. We prove o-minimality of K := R((G)) 
in the language Cb' with G the divisible closure of V and where we take B'^ ^ :— 
A-n,a{{G)) to form our real Weierstrass system B' , cf. Example l3.3r 6). Since -B„.q C 
B'n a for each 77, a, it is enough to prove that K is o-minimal in Cb' ■ Now one can 
analyze definable functions in one variable (using annuli and the fact that B' is 
strong) exactly as in [CLR2j . Section 3, yielding o-minimality as in [CLR2j . The 
strongness assumption (Definition 13.1.2^ is used implicitly in [CLR2j Section 3. 
(This analysis is similar to, but simpler than the one given in section [S] below for 
the separated case, since one is much closer to the algebraically closed case.) □ 
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4. HENSELIAN fields with ANALYTIC STRUCTURE 

In this section we present a general theory of (Hcnselian) fields with analytic 
structure, generalizing the presentations in [vdD,, DHM^ , ^LR3j and [CLRlJ. We 
distinguish between separated analytic structures and strictly convergent analytic 
structures. In section |4?T] we present the definitions of separated Weierstrass systems 
and Henselian fields with separated analytic structure. In section l4?2l we discuss the 
strong noetherian property for separated Weierstrass systems, and in section 14.31 
wc define strictly convergent Weierstrass systems and fields with strictly convergent 
analytic structure. In section |4^ we give examples of Henselian fields with analytic 
structure. In section 14.51 we develop properties of Henselian fields with analytic 
structure. In section [5] we will analyze one variable terms (functions) of the theory 
of Henselian fields with separated analytic structure. 

In this whole section, let Ahe a commutative ring with unit with a fixed proper 
ideal / of A, where proper means I ^ A. (Hence, / = is allowed.) Write A° := / 
and A := A/I. 

4.1. Henselian fields witli separated analytic structure. We consider poly- 
nomial rings and power series rings in two kinds of variables, written and pj, 
which play different roles. Roughly speaking, we think of the as varying over the 
valuation ring (or the closed unit disc) K° of a valued field K, and the variables pj 
as varying over the maximal ideal (or the open unit disc) K°° of K°. We use the 
terminology "separated" in analogy to the rings of separated power series whose 
theory was developed in |LL1| . [B] . |LL2| . and especially |LRlj . Let A and I A 
be as at the beginning of section [4] 

A first instance where these variables play a different roles is: 

Definition 4.1.1 (Regular). Let / be a power series in A[[£^i, . . . ,^rn,pi, ■ ■ ■ ,Pn]], 
and let J be the ideal 

of A[[(^, p]], where A and / are as at the beginning of section [H 

(i) / is called regular in of degree d when / is congruent in to a monic 
polynomial in of degree d, modulo the ideal Bi C with 

B, J+(p)^[[e,p]]. 

(ii) / is called regular in pn of degree d when / is congruent in A[[£^, p]] to p^, modulo 
the ideal B2 C A[[^,p]], with 

B2 ■.^J+{pi,...,Pn-i,pi+')A[[^,p]]. 

Definition 4.1.2 ((A, /)-System). Let m < m' and n < n' be natural numbers, 

and C = (^1, . . . ,Cm), = (6, ■ • ■,£,ni'), £," = (Cm+l, • ■ ■ ,Cm')7 P = (Pl > • • -iPn), 

p' = {pi,...,Pn'), andp" = {pn+i, ■■■,Pn') be variables. A system ^ = {Am,n)m,nm 
of A-algebras Am,n, satisfying, for all m <m' and n < n' , 

(i) Ao.o = A, 

(ii) A™,„ c A[[^,p\], 
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(iii) Am,nW,p"] C A™/,„/, 

(iv) the image {Am,n)~oi Am,n under the residue map": j4[[^,p]] — > p]] is 
a subring of and 

(v) if / e Am',n', say / = Y.^Jy.Ai,pWY{p"Y, then the 7^, are in 

is called a separated {A, I) -system. 

Definition 4.1.3 (Prc-Wcicrstrass system). Let A = {^m.?i}m.rieN be a separated 
{A, /)-system. Then A is called a separated pre- Weierstrass system when the two 
usual Weierstrass Division Theorems hold in the Am,n, namely, for f,gG Am,n- 

(a) li f is regular in ^^n of degree d, then there exist uniquely determined elements 
Q € Am,n and r € Am-i,n[^m\ of degree at most d — 1 such that g = qf + r. 

(h ) If / is regular in pn of degree d, then there exist uniquely determined elements 

q € Am,7i and r G ^m.ri-i[Pn] of degree at most d — 1 such that g = qf + r. 

Sometimes A is said to be over {A, I) to specify that ^ is a separated {A, /)- 
system. 

In fact, since we allow A to be quite general, we need to be able to work locally, 
using rings of fractions: 

Definition 4.1.4 (Rings of fractions). Let A = {A„i,n}m.nGN be a separated {A, I)- 

system. Iiiclucitively define the concept that an A-algebra C is a ring of A- fractions 
with proper ideal C° and with rings C^.n of separated power series over C by 

(i) The ring A is a ring of ^-fractions with ideal A° = I and with rings of separated 
power series the Am,n from the system A. 

(ii) If B is a ring of ^-fractions and d in B satisfies C° ^ C, with 

C := B/dB, 
C° := B°/dB, 

then C is a ring of >l-fractions with proper ideal C° and Cm,n '■= Bm,n/dBm,n- 

(iii) If B is a ring of >l-fractions and c,d in B satisfy C° ^ C with 

C = B{^) ■.= B,^o/{d^i-c), 

C° := {B°)B{^) 

then C is a ring of >l-fractions with proper ideal C° and Cm,n '■= Bm+i,n/ {d^i — c). 

(iv) If B is a ring of ^-fractions and c,d in B satisfy C° ^ C, with 

C = B[[^]l := Bo,i/(rfpi - c), 

C° := {B°,p,)Bo,i/{dpi-c), 

and {B°,pi) the ideal generated by B° and pi, then C is a ring of >l-fractions with 
proper ideal C° and Cm,n ■= Bm,n+i/{dpi - c). 

In all cases define C^_„ as {C° , p)Cm,n- 
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Definition 4.1.5 (Wcicrstrass system). Let ^ be a separated pre-Weierstrass sys- 
tem. Call A a separated Weierstrass system if it satisfies (c) below for any ring C 
of ^-fractions. 

(c) If / = ^ c^ivS.^p" is in Cm.n with the c^y £ C, then there is a finite set 
J C N™"*"" and for each G J there is a 5^,^ G C°„ „ such that 

Sometimes A is said to be over {A, T) to specify that is a separated {A, I)- 
system. 

Definition 4.1.6 (Analytic structure). Let A — {Am.n} be a separated Weierstrass 
system, and let A" be a valued field. A separated analytic A-structure on K in a, 
collection of homomorphisms {crm,n}m,nGNj such that, for each 771,71 > 0, Um.n is a 
homomorphism from Am,n to the ring of K° valued functions on {K°)"^ x {K°°)" 
and such that: 

(1) ICa^liXn, 

(2) o-m.n(6) the i-th coordinate function on (i^°)™ x (if °°)", i = l,...,m, 
and <Jm.n{pj) = the {m + j)-th coordinate function on (if")™ x (iir°°)", 
j = 1, . . . , 71, and 

(3) cfm.n+i extends am,n, where we identify in the obvious way functions on 
(if")™ X {K°°)" with functions on (K")™ x (A'°°)»+i that do not depend 
on the last coordinate, and am+i,n extends am.n similarly. 

We have given the basic definitions of this section. A reader who wants to skip 
the proofs and the analysis of analytic structures can proceed directly with the 
examples in section 14. 4[ with section 14.51 and with the (model theoretic) results 
of section [6l having as well a look at section \5[ In section 14.31 we give the basic 
definitions of strictly convergent analytic structures, which are simpler but less 
powerful. 

Remark 4.1.7 (Units), li A = {Am.n}m.nefi is a separated pre-Weierstrass system 
and / = 1 + .g G A,n,n, with g G then / is regular of degree and, by 

Weierstrass Division, / is a unit in Am,n- Moreover, / G Am,n is a unit if and only 
if / is of the form c + g for some unit c £ A and some g G „. Indeed, since / 
is a unit there exists h in Am,n such that fh = 1, hence, fh~l in A, with~as in 
DefLnition l4.1.2l (iv). Hence, / is a unit in Am.m hence / is a unit in ^[a;][[p]] and 
/is in A + pA[x][[p]]. 

Remark 4.1.8 (Noetherianness) . (i) If / is a finitely generated ideal, then, in Defini- 
tion [4XTl one has that = {I , p)A[[^, p]] and B2 = (/, pi, . . . , p„-i, p^+i)A[[^, p]]. 

(ii) While we did not require A to be Noetherian, (see 14.4( 7) for an example) 
it follows from (c) of Definition 14.1.51 that if ^ is a separated Weierstrass system 
and / = J2fj. V ^1^1^^^ P" G Am,n then the ideal of A generated by the a^i, is finitely 
generated. 

(iii) We refer to condition (c) of Definition 14. 1 . 51 as a Strong Noetherian Property 
as it implies that all the coefhcients of / can be written as linear combinations of 
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finitely many, and if the coefficient is "small" , the corresponding coefficients of the 
linear combination are also small. Example 14.41 (7) below shows that this does not 
require the ring A to be Noetherian. Similarly, we refer to Theorem 14.2.151 as a 
Strong Noetherian Property, even though it does not imply that the rings Am,n are 
Noetherian. 

As usual, Weierstrass preparation is a consequence of Weierstrass Division. 

Remark 4.1.9 (Weierstrass Preparation). Let the family {A,n,7i} be a separated 
Weierstrass system. With the notation of Definition I4.1.3( we obtain the following 
for / in A,n,7i- 

(i) If / is regular in of degree d, then there exist: a unique unit u of A„j_„ 
and a unique monic polynomial P S Am-i,n[^m\ of degree d such that f — u ■ P. 

(a) If / is regular in p„ of degree d, then there exist: a unique unit u of A^.n 
and a unique monic polynomial P G Am,n~i[pn] of degree d such that f ~ u ■ P; in 
addition, P is regular in pn of degree d. 

This can be seen, by dividing (respectively, p'^) by / € Ajn,n, as in |LRlj . 
Corollary 2.3.3. 

For F a valued field and / = ^ c^ti^Cp'' in -P'IKjP]]: the gauss-norm of / is 
written ||/|| and defined as sup^^^ if this supremum exists in \F\ and is not 
defined otherwise. 

Remark 4.1.10 (Gauss-norm). In the case that A = F° and / — F°° with F a 
valued field, condition (c) of Definition 14.1.51 guarantees that the gauss-norm on 
Am.n is defined and moreover, if / S A^.n is nonzero then there is c e _F such that 
c/ e Am,n and ||c/|| = 1. Conversely, in this case {A = F°,I = F°°) if the Am,n 
satisfy definitions 14.1.21 and 14 . 1 . 3l and for every 7^ / e A^.n there is an element 
c G F such that cf € Am,n and |jc/|j = 1, then condition (c) of Definition 14.1.51 
follows from conditions (a), (b) and Definition 14.1.21 This fact (which we do not 
use) can be proved along the lines of the proof of Theorem 14.2.151 

Remark 4.1.11. (i) As in the real case, it follows by Weierstrass Division that if 
(respectively pj) divides / € Am,n in then (respectively pj) divides / in 

A 

(ii) As in the real case, if / = j:^.Jt.A^.p)iCnp"r e A„.,„. and 

/i := {(/X, v): pi> d, Vj > d, for all i, j}, 

then 

is an element of Am'.n' ■ Similarly, for each i, j and d, 

E i,Ai,pwr{p"T and E i,ALpwr{p"T 

with fii—i fi^u with Uj—i 

are elements of Am'.n'- By part (i) above, we can divide these series by (respec- 
tively, pj.) 
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(iii) Weierstrass Division guarantees that the rings Am,n are closed under Weier- 
strass changes of variables among the and among the pj , but not in general under 
changes of variables that mix the and the pj . 

In section 15.61 we will consider a variant of separated Weierstrass systems, by 
requiring some additional conditions. We will term these "strong separated Weier- 
strass systems". 

Lemma 4.1.12. If A is a (strong) separated Weierstrass system, and C is a ring 
of A- fractions, then the family {Cm,n} "is a separated {C,C°)- system which is a 
(strong) separated Weierstrass system (cf. section [5. 6\ for "strong"). 

Proof. Since axiom (c) for {Cm,n} follows at once from (c) for A and from (v) of 
Definition 14.1.21 only axioms (a) and (b) for the C„i,„ need proof, which we do by 
induction on the definition of C. Suppose that C is and / G C„i,„ is regular 

in of degree s. Then 

/ = C„ + FiCrr^' + --- + Fs mod (/, p, c-r^d). 

Let F e Cm+i,n satisfy f = F mod (c — rjd). It may be that F is not regular in 
of degree s. However, using the condition (^m+i,n)~C ^[^,77][[p]] of Definition 
14.1.21 we see that there is a finite sum Yl\=i — V(i)bi£,m^ such that, taking G = 
F — — iT^)bi£,m^, we have f = G mod (/, p,c~ rjd) and G regular in of 

degree s. The other case is similar. □ 

4.2. The Strong Noetherian property for separated Weierstrass systems. 

Axiom (c) of Definition 14.1.51 is a kind of Noetherian property. In order to fully 
exploit it towards quantifier elimination, we have to work locally using the rings 
of fractions, defined in the previous subsection, and Laurent rings, defined below. 
The aim of this subsection is Theorem 14.2.151 which uses the full strength of the 
formalisms of section W7\\ and of this section. (See also Remark 14.2.161 ) 

In this subsection, ^ is a separated Weierstrass system, as always over {A, I). 

First we elaborate some more on rings of ^-fractions. 

Definition 4.2.1 (Defining formula). Let C be a ring of ^-fractions. Call an 
expression a defining formula for C when it can inductively be obtained by the 
following steps 

(i) The expression (1 = 1) is a defining formula for A. 

(ii) In case (ii) of Definition 14. 1.41 if (^s is a defining formula for B, then 

A (d = 0) 

is a defining formula for C . 

(iii) In case (iii) of Definition 14. 1.41 \i i^b is a defining formula for B, then 

<^bA(|c| < |d|) A(d^O) 



is a defining formula for C . 
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(iv) In case (iv) of Definition 14.1.41 if V's is a defining formula for B, then 

(^bA(|c| < |d|)A(c^O) 

is a defining formula for C. 

Definition 4.2.2 (System of rings of fractions). Let A he a, separated {A,I)- 
system. If C is a ring of ^-fractions and c, d G C, then let I?c,d(C) be the set of 
rings of fractions among C/dC, C'(^), C[[^]]s if this set is nonempty and let Vc^diC) 
be {C} otherwise. Define the concept of a system of rings of A- fractions inductively 
as follows. J- = {A] is a system of rings of ^-fractions. If J-q is a system of rings 
of ^-fractions and C ^ J-q, c,d G C, then 

T {To \ {C}) U V,^d{C) 

is a system of rings of ^-fractions. 

Definition 4.2.3. Let V be the theory of the valuation rings of valued fields in 
the language of valued rings. For any commutative ring C with unit and with fixed 
proper ideal C° (that is, C° ^ C), define 

V(C) V U {\a\ < 1 : a e C} U {\b\ < 1 : b e C°}. 

Lemma-Definition 4.2.4. With the notation from Definition \4-2.3\ and with a 
system T of rings of A-fractions, it follows that 

v{A) h y 

and 

V{A)h /\ -((^cAyPc)- 

If moreover A is a separated Weierstrass system and a is a separated analytic A- 
structure on K , then there is exactly one C G T such that K° \= Lpc under the 
interpretation provided by a. We call such tpc compatible with a. We call a ring 
of A-fractions C compatible with <t when it has a defining formula that is compatible 
with a. 

Proof. This holds by the definitions. □ 

Next we generalize the notion of rings of ^-fractions to that of Laurent rings. 
This notion will mainly be used for Theorem 14. 2. 151 

Definition 4.2.5 (Laurent rings). Let C be a ring of ^-fractions. Inductively 
define the concept that a Cm^„-algebra C' is a Laurent ring over Cm,n with proper 
ideal C'° as follows. 

(i) C'm.n is a Laurent ring over Cm.n with proper ideal „ (cf. Definition I4.1.4p . 

(ii) Let J be an ideal of Cm+M.n+N- If -B = Cm+M,n+N / J is a Laurent ring over 
Cm,n, if / e Cm+M,n+N, and if C'° ^ C, with 

C = ^{j) ■= Cm+M+l.n+N /{J,£,m+M+lf — 1), 
C'° := (C° + (pi, . . . , Pn+N))Cm+M+l,n+N /{ J,S.m+M+lf — 1), 

then C" is a Laurent ring over Cm,n with proper ideal C'°. 
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(iii) Let J be an ideal of Cm+Ai,n+N- If i? = Cm+Ai,n+N / J is a Laurent ring over 
Cm,n, if / e C„i+ALn+N, and if C'° ^ C , with 

C" = := Cm+M,n+N+l/ {Jt Pn+N+l — /), 

C'° := (C° + (pi, . . . , p„+Ar+i))C„i+M,n+Ar+l/( J, Pn+JV+l — /), 

then C" is a Laurent ring over Cm.„ with proper ideal C'° . 

Definition 4.2.6. Let C be a ring of ^-fractions. For any Laurent ring C over 
Cm,n there exists an ideal J of some CM+m,N+n such that C = CM+m,N+n/ J ■ 
Define then 

^mi_,ni ~ (^M+m+m-i.N+n+ni / JCM+m+mi,N+n+ni 

and 

(Cmi,„J° := (C°, (pi, . . . jPJV+n+ni))^'^^ „j. 

The following is the analogue for Laurent rings of Lemma 14.1.121 We will not 
need it. The proof is similar to that of Lemma [4. 1.121 

Lemma 4.2.7. If A is a (strong) separated Weierstrass system, and B is a Laurent 
ring overCm.n for some ring of A- fractions C , then the family {i?m,n} is a (strong) 
separated Weierstrass system over {B,B°) (cf. section [TTSI for the definition of 
"strong"). 

Definition 4.2.8 (Defining formula). Let C be a ring of ^-fractions. Call an 

expression a defining formula for B, with B a Laurent ring over Cra,n, when it can 
inductively be obtained by the following steps 

(i) the expression (1 = 1) is a defining formula for Cm,n- 

(ii) In case (ii) of Definition 14. 2. 5( if (pc' is a defining formula of C , then 

A (I/I > 1) 

is a defining formula for B := C'{j). 

(iii) In case (iii) of Definition 14.2.51 if (pc is a defining formula of C", then 

A (I/I < 1) 

is a defining formula for B := C'[[f]]s. 

Definition 4.2.9 (Covering family). Let C be a ring of ^-fractions. Note that the 
theory V(C) is well defined by Definition 14.2.31 and Lemma [4. 1.121 We call a finite 
family J- of Laurent rings over Crn,n 

a covering family if 
V{C) h V pB- 

The family is a disjointly covering family if in addition -^{pb /\ Pb') is a theorem 
of V(C) for all B B' € T. 

By construction, we have the following: 

Lemma 4.2.10. Let a be a separated analytic A-structure on K and let C he a 
ring of A-fractions compatible with a. Any defining formula (pB of any Laurent 
ring B over Cm,n defines in a natural way a subset X^p^ of {K°Y^^ x [K°°)^ , which 
may be empty. Moreover, for any covering family T of Laurent rings B 0V6T Crn.n 
with formulas (fB, the union of the sets X^^ equals (K^)'^ x 
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Definition 4.2.11 (Units). Let C be a Laurent ring over Am,n- (Any Laurent 
ring over a ring of ^-fractions is a Laurent ring over some Am,n-) We call / S C a 
C-unit if 

V(C),^c^|/|>l. 

We recall the following definition from [LL2] section 3.12, which is used in several 
proofs. 

Definition 4.2.12 (Preregular). Let C be a Laurent ring ov6r ^-fa ji cLiid, using 
the notation of Definition 14.1 .21 let / — ^^yC^y{^")^{p"Y ^ Cm'-m.n'-n where 
the c^y G C. We call / preregular in of degree (pojJ^o) if c^o^^o — ^ 

)° for aU V lexicographically < vq and for all (/i, I'o) with ^ 
lexicographically > ^o- 

Remark 4.2.13. If / is preregular of degree (/io,0) then a Weierstrass change of 
variables among the ^i, « = m + 1, . . . , m' will make / regular in . Similarly, if 
/ is preregular of degree (0, v^) then a Weierstrass change of variables among the 
Pj, j — n + 1, . . . ,n' will make / regular in pn'. 

The following lemma is needed in the proof of Theorem 14. 2. 151 The proofs of this 
lemma and Theorem 14 . 2 . 1 51 are similar to the proofs of Lemma [3.2.11 and Theorem 
13.2.21 with some additional complications. 

Lemma 4.2.14. Let {A„i_„} he a separated Weierstrass system and, using the 
notation of Definition \4.T7^ let 

where the /^i^(^,p) € ^m,n- There is a system J- of rings of A- fractions, and for 
each A' G !F there is a finite, disjointly covering family of Laurent rings C over 
AJ„ „, such that for each C there is a finite set Jc, and C -units uc^v and functions 

gCfiv e Cm'-ra,'n'-n for {p, v) G Jc SUch that 

as an element of Cm'-m.n'-n ■ 

In the case that A is a valuation ring with maximal ideal A° we can take T — 
{yl}. In the case that m = or n — we can take the family of Laurent rings 
corresponding to A' ^ T to he just „}. 

Proof. Let / be as above, say (using the notation of Definition I4.1.2p 

f^Y.a,'.'{ir'{pr' 

li'iy' 

with the a^v' G A. Then by condition (c) fPefinition I4.1.5P we have that 

with the gfi'^i,' E A°^, „, for some finite J C N™ . Hence, splitting into finitely 
many cases corresponding to a system T of rings of yl-fractions, and considering 
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each A! ^ T separately, we may assume that — 1 and that / is preregular in 

(^', p') of degree (^q, j'q). ( In the case that A is a valuation ring, there is no need 
to split up into cases to find, and "factor out", the "dominant" coefficient a^j^jy^.) 
Let /iQ = (/iQ,/j,o) a-iid v'^ = {ly^^UQ) and write 

with the /^_^ e Ari,ri- Then /^^^^^ is preregular in of degree {fJ.'o,i'o) and, 

writing 

v" 

we see that f is preregular in ^ of degree ^q. 

If m = or n = 0, a Weierstrass change of variables among the pj (respectively 
the ^i) will make f regular in p„ (respectively ^m) and no "splitting up" into 
Laurent rings is needed before doing Weierstrass division by f ^^^^^ (below). In the 
general case, consider the two Laurent rings Ci and C2 defined by the conditions 
|7mo!^o!^"I < 1 and |7^o^„^./| > 1, respectively. 

On Ci, using A to denote the new variable (of the second kind, i.e. a "p" variable) 
f hovqv" — a = 0. After a Weierstrass change of variables among ^1, • • • , ^m, we may 
assume that f ^g^^u" - A is regular in of degree s, say. Then, in (Ci)„i'_m,„'_„ 
we have that 

/ = R^{L i", P, p", A) + uRiii, r , p, p", A) + • • • + ^-'Rs-iii, r , p, p", a), 

where ^ := (^1, • ■ ■ ,^m-i)- We now complete the proof in this case by induction 
on s and induction on (m, n), ordered lexicographically, as in the proof of Lemma 
13.2.11 ((m, n) has been reduced to (m — 1, n + 1).) 

On C2, using r/ for the new variable, pi^i^uou" ^1 = 0. After a Weierstrass change 
of variables among ^1, • • • ^^^rmrjjWe may assume that rjf ^^^^^j^,, — 1 is regular in 77 of 
degree si, say. Considering rjf and 7?/^oj/o, after replacing the coefficient rjf ^^^^^^u 
of p^o by 1, vf^ouo preregular in p of degree i/q. After a Weierstrass change of 
variables among pi, • • • , Pm, we may assume that rjf ^^^^^ is regular in p„, of degree 
S2, say. Doing Weierstrass division twice, once by rjf ^^j^^^,,, — 1 and once by rjf^^j^^, 
we have in {C2)m'-m,n'-n that 

i<Si J <S2 

where p = (pi, • • • , p„_i). One again completes the proof by induction on S1S2 and 
on {m,n), ordered lexicographically, as in the proof of Lemma 13.2.11 ((m, n) has 
been reduced to (m, n — 1).) □ 

We continue to use the notation of Definition 14.1.21 

Theorem 4.2.15 (The Strong Noetherian Property for separated Weierstrass sys- 
tems). Let {Am.n} be a separated Weierstrass system and let 
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where the /^^($,p) G Am,n- There is a finite system T of rings of A-fractions, 
and for each A' ^ T there is a finite, disjointly covering family of Laurent rings C 
over A'^ for each C there is a finite set Jq and C-units uc^iv G C and functions 

hCfiiy & C'm'-m,n'-n f°''' ^ Jc SUch that 

(p,i^)£,Jc 

as an element of Cm'-m,n'-n- 

When A is a valuation ring we can take the system T — {v4}. Ifm — or n — 
we can take the family of Laurent rings corresponding to A' ^ T to he just {A'^ „}. 
Hence, in the case that A is a valuation ring and mn — no (nontrivial) rings of 
A-fractions or Laurent rings are needed. 

Proof. By Lemma 14.2.141 we may assume we have written 

with the hcp,u G C'm'.n' • As in the proof of Theorcm l3.2.21 choosing d large enough, 
writing k for m' — m + n' — n, and taking 

Ii {1, . . . , d}'^ U {(/X, \ ^ii> d, Vj > d for aU i,j}, 

we have that 

E l^.An'{p"ruc,A^^9c,.). 
{ti,v)e{i,...A}'' 

where the gc^iv € {£." ,C°^- ,n')Crn' .n' ■ Since each gc^iv mod {Cm'.n'Y is a polyno- 
mial in Sf' (cf. Definition I4.1.2p , further increasing d, we may assume that each 
9c^^v € {Cm'.n'Y ■ The proof is now completed exactly as in the proof of Theorem 
I3.2.2i by induction on m' ~ m -\- n' — n. □ 

Remark 4.2.16. In many examples, for example when A is Noetherian and complete 
in its /-adic topology and Am,n '■= A{^)[[p\\ (cf. |CLR1| . section 2), or Am^n = 
S^^n{E, K) (cf. [LR1| ) we do not have to break up into pieces using rings of A- 
fractions and Laurent rings, and the following stronger statement is true (using the 
notation of Definition I4.1.2P : 

Let / e A^,y and write / = E^^J^AtpWrip'T , where the 7^,, G 
Am,n- There is a finite set J C f^rn'-m+n'-n ^^^-^^ ^^^^ ^^^^ ^ ^ 
with gfj_^ e ^°„/,„/, such that 

(4.1) /= E i,.(.^^p)ienp"n^+9,^)- 

The Strong Noetherian Properties of Definition 14.1.51 and Theorem 14.2.151 follow 
immediately from this property. Our treatment would be a less general but also 
simpler were we to take this condition as an axiom replacing the weaker axiom (c) 
of Definition 14.1.51 Wc would then not have to prove Theorem 14.2.151 
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4.3. Strictly convergent analytic structures. We consider polynomial rings 
and power series rings in one kind of variables, written ^i, usually variants of Tate 
rings, hence the terminology "strictly convergent" . In the separated case of the 
previous two subsections the p variables (varying over K°°) were used to witness 
strict inequalities. Furthermore, the second Weierstrass division axiom (Definition 
I4.1.3r b)) enforced some additional completeness on the ring A, on rings of A- 
fractions, and on fields K with analytic yl-structure. In the strictly convergent case 
we will allow two possibilities which wc distinguish by use of a designated element 
TT of A: 

(i) TT 7^ 1 and in the interpretations given by fields K with analytic yl-structure, 
TT is interpreted as a prime element of K° , i.e. (T(7r) is an element of smallest 
positive order (see Definition 14. 3. Bf i)). and (ii) that the strictly convergent analytic 
structure is the strictly convergent part of a separated analytic structure and n — 1. 
Except for this complication we follow the development of the previous two sections 
fairly closely. 

Case (ii) is treated in Definition 14. 3. Gf ii). We first focus on case (i). Let A and 
/ be as in the beginning of section [H Let tt be a fixed element of A. 

Definition 4.3.1 (System). A system A — {A„i}meN of A-algebras A,„, satisfying, 
for all m < m': 

(i) Ao = A, 

(ii) A„ c ^[[^1,...,?™]], 

(iii) Am[£,m+1, ■ ■ ■ ,Cm'] C Am', 

(iv) the image (Am)~of Am under the residue map ~: . . . , ^m]] 

is and 

(v) If / e Am', say / - ft^iOiCT, then the are in Am, 
is called a strictly convergent {A, I) -system. 

Definition 4.3.2 (Regular). Let A = {Am}m£N be a strictly convergent {A, I) 
system. A power series / in Am is called regular in ^m of degree d when / is 
congruent in modulo the ideal {E/x '^/j^'^ ■ '^t^ ^ -^i' a monic polynomial 

in ^m of degree d. 

Definition 4.3.3 (Pre- Weierstrass system). Let A = {Am}mef'S be a strictly con- 
vergent (A, /)-system. Then A is called a strictly convergent pre- Weierstrass sys- 
tem when the usual Weierstrass Division Theorem holds in the Am, namely, for 
f,g & Am- 

(a) if / is regular in of degree d, then there exist uniquely determined elements 
q G Am and r e Am-i[i.m] of degree at most d — 1 such that g = qf -\- r. 

In fact, as in the separated case, we need to be able to work locally, using rings 
of fractions: 

Definition 4.3.4 (Rings of fractions). Let A = {A„i}„igN be a strictly convergent 
{A, /)-system. Inductively define the concept that C is a ring of A-fractions with 
ideal C° and rings of strictly convergent functions Cm, m > as follows: 

(i) The ring A is a ring of yl-fractions, with ideal I = A° and rings of strictly 
convergent functions the Am- 
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(ii) If i? is a ring of ^-fractions and d E B satisfies C° ^ C, with 

C := B/dB, 
C° := B° ■ C, 

then C is a ring of yl- fractions, with ideal C° and strictly convergent functions 

(iii) If B is a ring of ^-fractions and c,d G B satisfy C° ^ C, with 

C:=B{^) :=Bi/(dei-c), 
C° := B° ■ C, 

then C is a ring of ^-fractions with ideal C° and strictly convergent functions 
Cm = - c). 

(iv) If B is a ring of ^-fractions and c,d G B satisfy C° ^ C, with 

C:=B{^) -B./id-n-^^-c), 

TT ■ d 

C° := B° ■ C, 

then C is a ring of ^-fractions with ideal C° and strictly convergent functions 

C,n = Bjn+l/ (tT • d • ^1 - c). 

Note that part (iv) above differs from the definition we made in the separated 
case; the notation for the ring is reminiscent of the inequality c < d which 

in our case (namely tt 1) is equivalent to c < n ■ d. 

Definition 4.3.5 (Weierstrass system). Let ^ be a strictly convergent pre-Weierstrass 
system. Call A a strictly convergent Weierstrass system if it satisfies (c) below for 
every ring C of ^-fractions. 

(c) If / = J2 fj.'^i^i.^^ Cm with the € C, then there is a finite set J C and 
for fi E J there is 17^ € such that 

Definition 4.3.6 (Analytic structure). 

(i) (vr 7^ 1) Let A — {Am} be a strictly convergent Weierstrass system, and let K 
be a valued field. A strictly convergent analytic A-structure on K is a, collection 
of homomorphisms {crm}meN, such that, for each m > 0, <Jm is a homomorphism 
from Am to the ring of /^"-valued functions on {K°)"^ satisfying: 

(1) / C Oq^{K°°) and cro(7r) is a prime element of K° ^ 

(2) (Jmi^i) = the i-th coordinate function on (if")™, i — 1, . . . ,m, and 

(3) (Tm+i extends am where we identify in the obvious way functions on (K°)"^ 
with functions on (x°)'"+^ that do not depend on the last coordinate. 

(ii) (tt = 1) Let A = {Am,n} be a separated Weierstrass system and K a field with 
separated analytic .A-structure a = {am,n}- We will define the strictly convergent 
analytic structure a on K associated to a. Note that a induces morphisms (tc„ q 
from Cm,a to the ring of K° valued functions on {K°)"^, for C any ring of yl-fractions 
which is compatible with a (cf . Definitions 14.1.41 14.2.4P . Then a is defined as the 
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collection of liomomorphisms crc^ o all to > and all rings C of ^-fractions 
which are compatible with a. 

In (ii) of Definition I4.3.6[ the analytic structure does not come from a strictly 
convergent {A, /)-system, but from a richer system of the rings Cm.o for many C. 
However, for the separated analytic structure a' with a' as in Definition I4.5.6i a' 
contains no more data than the collection of the maps cr^ q. With a slight abuse of 
terminology we will also denote in this case the collection of the maps cr^„ g by a' 
and call a' strictly convergent analytic structure on K associated to a' . 

In this paper we focus on case (i), (tt 7^ 1), of Definition 14.3.61 studying case (ii) 
is much more subtle and will require new techniques. 

Definition 4.3.7 (Defining formula). Let C be a ring of yl-fractions (Definition 
I4.3.4p . Call an expression a defining formula for C when it can inductively be 
obtained by the following steps 

(i) The expression (1 = 1) is a defining formula for A. 

(ii) In case (ii) of Definition 14. 3. 4i if (^s is a defining formula for B, then 

iPB^{d^ 0) 

is a defining formula for C . 

(iii) In case (iii) of Definition 14.3.41 if ifB is a defining formula for J5, then 

^B^{\c\ < \d\)A{d^o) 

is a defining formula for C. 

(iv) In case (iv) of Definition 14.3.41 if (pB is a defining formula for B, then 

<^bA(|c| < Itt • d|) A (c 7^ 0) 

is a defining formula for C. 

Definition 4.3.8 (System of rings of fractions). Let A = {A„i}„i^m be a strictly 
convergent {A, /)-system. If C is a ring of ^-fractions and c,d G C, then let I?c,d(C') 
be the set of rings of fractions among C/dC,C{2),C{:^) if this set is nonempty 
and let Vc.diC) be {C} otherwise. Define the concept of a system of rings of A- 
fractions inductively as follows. J- = {A} is a system of rings of yl-fractions. If J-'q 
is a system of rings of ^-fractions, and C € .Fq, 7^ c, 7^ d G C, then 

T {To \ {C}) U V,^a{C) 

is a system of rings of y^-fractions. 

Remark 4.3.9. Let V' be the theory of the valuation rings of valued fields with 
prime element tt, and let A he a strictly convergent {A, /)-system and !F a system 
of rings of ^-fractions. Let 

V'iA) V U {\a\ < 1 : a € A} U {\b\ < \7r\ : b £ A°}. 

Then 

V'(^) h V 
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and 

Hence, if a is a strictly convergent analytic yl-structure on the field K ^ there will 
be exactly one C & J- such that K° \= ipc under the interpretation provided by a. 
As in the separated case, we call such C compatible with a. 

In the strictly convergent case tt 7^ 1 we do not need Laurent rings in the formu- 
lation of the Strong Noetherian Property. 

Theorem 4.3.10 (The Strictly Convergent Strong Noetherian Property, tt 7^ f). 
Let {^m} he a strictly convergent Weierstrass system, let m < m' , ^ — [S^i, . . . , S,m)i C ~ 
{£.1, ■ ■ • C = (Cm+i, • ■ ■,£,m') and 

where the /^(C) G ^m- There is a (finite) system T of rings of A- fractions, such 
for each C ^ T there is a finite set Jc and functions ft-^ G C°j for 11 ^ Jc such that 

as an element of Cm' ■ 

Proof. This is proved similarly to the special case n = of Theorem 14.2.151 □ 

4.4. Examples of analytic structures. (1) Definition 14. 1.61 generalizes the no- 
tions of analytic structures in [vdD| and [CLRlj . Even more, if A is noetherian, 
complete and separated in its /-adic topology, and we take Am,n '■= ^(OIMli then 
the conditions (a)-(c) of Definition 14.1.31 are satisfied; (c) is immediate and (a) and 
(b) are shown in [CLRlj . (Only the sub-case / = is not taken care of in [CLRlj . 
but can be treated similarly). (In [CLRlj only the case C = A is treated, but the 
general case also follows easily from the Strong Noetherian Property of [CLRlj . 
Indeed, the stronger property of Remark 14.2.161 is satisfied in this example.) 

(2) Definitions 14.1.61 and 14.3.61 generalize the notion of analytic structure in 
[DHMj , since that is a special instance of the analytic structure of [vdDj and [CLRlj . 
To recall, take F = Qp, = Zp{^) and S = {T^}, or equi valently take A = 
Zp,I = pZp, t = p and A = {Am^o}, where Am,o ■= '^piO- [DHMj . p-adically 
closed fields with strictly convergent 5-structure are studied, in particular, these 
fields turn out to be elementarily equivalent to Qp with subanalytic structure. 

(3) Definitions 14.1.61 and 14.3.61 generalize the notion of analytic structure (im- 
plicit) in [LRlj - let K he a complete, rank one valued field and take S!^ „ — 
S^^^{E,K), S = {S°,^„} as defined in [LRl] . Definition 2.1.1. If K' is any com- 
plete field containing K (or an algebraic extension of such a field) then K' has 
separated analytic iS-structure, with a defined naturally by the inclusion K C K'. 
If K* is a (non-standard) model of the theory of K' in the valued field language 
with function symbols for the elements of iS then K* has separated analytic 5- 
structure, as shown in [LR3j . We also showed in [LR3j that if K' is a maximally 



FIELDS WITH ANALYTIC STRUCTURE 



25 



complete field extending K then K' has a separated analytic 5-structure. (Similar 
statements hold for strictly convergent analytic 5-structure). 

In [LR2j we established that certain subrings £^ „ of the S'^ „, namely the 
elements / of 5^ nl-E, K) such that / and all its (Hasse) derivatives are existentially 
definable over Tm+n{K), form a separated Weierstrass system. This was used in 
that paper to prove a quantifier simplification theorem ( [LR2j Corollary 4.5) for 
K'^ig in the language with function symbols for the elements of Un'^«(-^)- That 
quantifier simplification theorem (and extensions) thus follow from Theorem 14 .5. 151 
below. 

(4) We give another example which does not fall under the scope of previous 
papers. Let F be a fixed maximally complete field with value group T (see Section 
[2] above.) In the equicharacteristic case let i? be a copy of the residue field in F 
and in the mixed characteristic case let E' be a set of multiplicative representatives 
of F as in Section [H For a ring B C F° let Bq = B n E, and define 

5(0 := { ■ ^ B^PaiO e ^oK] and / C T is well ordered }. 

gel 

Let B be the family of subrings B of F° satisfying E C B and supp{B) well ordered. 
Take S°^^^{B) = Uses^iOIM] and S^.,,{B) F ^°„,„(S). Then we call 
Sm,n{B) the full ring of separated power series over F and Tm{B) :— Sm,o{B) the full 
ring of strictly convergent power series over F. The elements of Sm,n{B) naturally 
define functions {F°ig)™ x {F°igY^ Faig, where Faig is the algebraic closure of 
F, or its maximal completion, cf. [LR3| . section 5. The family S :— {S^^{B)} is 
a strong Weierstrass system, yielding a separated analytic 5-structure on F, or on 
Faig- Indeed, most of the structure theorems that hold for the Tate rings in the 
classical affinoid case ( |BGR| ) or the rings of separated power series in the quasi- 
affinoid case ( (LRlj ) will also hold for these rings, providing a basis for affinoid or 
quasi-affinoid algebra and geometry over maximally complete fields. 

(5) See Theorem 14.5.71 and Theorem 14.5.111 below for further natural examples 
obtained by extending analytic structures by putting in constants from a model, 
resp. by going to algebraic extensions of a model. ("Model" meaning here field with 
analytic structure.) 

(6) The case of trivially valued field F does not fall under the scope of the previ- 
ously mentioned papers (as far as we know), but might be interesting for the study 
of tame analytic integrals (generalizing fD3J, |Paslj ). When is a trivially valued 
field, the family {Bm,n} with Bm,n — F[^] [[p]] is a strong separated Weierstrass sys- 
tem, since -F[C][[p]] equals -F[[/o]](Oj p-adically strictly convergent power series 
in ^ over -F[[p]], cf. [LRlj or |CLR1| . The conditions of Definition 14.1.21 are imme- 
diate, as are the Weierstrass Division Theorems, (a) and (b) (see |LR1| .) Bjn,n is 
Noetherian since a power series ring over a Noetherian ring is Noetherian. Property 
(c) is satisfied since ^"['CllW] is the "full" power series ring. A field K with analytic 
{-Bm.nj-structure need not be trivially valued. 

(7) (An example where A is neither Noetherian, nor a valuation ring.) Let L 
be a field and Ai := L[xi,- ■ ■ , Xi], I, := {xi, ■ ■ ■ ,Xi)Ai and A := IJ^ A;, / := IJ^ h, 
Then Am,n '■= Ui^i(0[[p]] is a (strong) separated Weierstrass system, though A is 
neither noetherian, nor a valuation ring. 
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(8) A simple compactness type argument shows that there is a strong Weierstrass 
system A' = {^m,„} with aU the C Z[[t]](^)[[/9]] countable. This example is 
not covered by the treatments of the previous papers. 

(9) We construct a separated Weierstrass system which is not strong (i.e. not 
satisfying Definition 1 5. 6. 1|) (Cf. Example l3.3f 7)). Let „ be the algebraic closure 
of Q[tp] in QK][[p]] (cf. Example (6).) Then the family {B'^ J is a separated 
Weierstrass system. Namely, the conditions of Definition 14.1.21 are easy, Weierstrass 
Division (axioms (a) and (b)) can be done with algebraic data, and condition (c) 
follows from axioms (a) and (b) in this case with _F = Q by a proof similar to the 
proof of Theorem 14.2.151 However, the family {-B^ „} does not satisfy condition 
IS.G.lf v). as can be seen as follows. Let /(Ci, C2) be an algebraic power series whose 
diagonal is not algebraic (see for example 13. Sf ?)). If 

= + /2(P,6) mod (C16 " 1), 

then 

/i(0,p) + /2(0,p)=5(p'), 
where g is the diagonal of /, and where p is a single variable. But g{p^) is not 
algebraic. 

(10) Let _ftr be a complete valued field, and let K{{£^)) be the ring of overcon- 
vergent power series over K (i.e. the elements of K{^) with radius of convergence 
> 1.) Let B he a family of quasi-noetherian subrings of K° as in Definition 2.1.1 
of [ERT] . For 7 > 1 let 

BiOM]^''^ ■■= {5]a^.(^r(pr:3fceN(|/i|>A;^ 
/it/ 

la^.l <7"'''' or > (7-1)1/^1)} 

C Bmp]] 

be the subring of j-overconvergent power series with coefficients from B. Define 

5°,,„(i?,X)— :^ U Bmp]]^''^ 
BeB 

1<7 

Then 5°'"^'" := {S!j^^„{E, K)°'"^^} is a separated Weierstrass system, and K has sep- 
arated analytic ^"'"'''-structure and strictly convergent analytic {if ((^))}-structure 
(Definition 14. 3. 6f ii)). Hence some of the results of [S] fit into our context. We leave 
the verification that 5°"'='" is a (strong) separated Weierstrass system to the reader. 
This construction can be extended in various nonstandard directions, for example, 
to maximally complete fields (cf. example (4) above.) 

(11) If ^ is a (strong) Weierstrass system, and J C ^ is an ideal (with (7, J) C A 
proper), then A/ J :— {Am,n/JAm,n} is also a (strong) Weierstrass system, with 
{A/J)° = {!,.])/ J. The conditions in Definition [4T2l and Definition liTSl are 
immediate, as are the conditions of Definition 15.6.11 if A is strong. The con- 
ditions of 14.1.31 (Weierstrass Division) are not quite immediate as we may have 
/ G Am.n/ J Am,n regular in (respectively p„) of degree s, and f = F mod 
JAm.n, F e Am,n without F bciug regular in (respectively p„) of degree s. 
However, as in the proof of Lemma 14.1.121 we can modify F to find a G € Ajn.n 
with f = G and G regular in (respectively p„) of degree s. 
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(12) Further important examples are provided by Definition 14.5.61 (see Theorem 
|45T7|) and Theorem liXTTI 

(13) Every Henselian valued field carries an (algebraic) analytic structure all 
the functions of which are definable, see section l4!6l Hence the (algebraic) theory 
of Henselian valued fields is included in our formalism of (Henselian) fields with 
analytic structure. 

In examples (1) and (2) of strictly convergent analytic structures (tt ^ 1), the 
strictly convergent analytic structure gives the same family of analytic functions 
as a natural separated analytic structure. Hence, all results on separated analytic 
structures apply. We don't know any example where this is not the case. We will 
for this reason from section [5] on focus on separated analytic structures. 

4.5. Properties of analytic structures. In this subsection we develop some of 
the basic properties of separated and strictly convergent analytic structures. 

Remark 4.5.1. If K is trivially valued (i.e. K°° — (0)) then / C kercro and the 
analytic structure collapses to the usual algebraic structure given by polynomials. 
See Example IHJll). The domain of the p variables is {0} if K°° = (0). 

Remark 4.5.2. Considering Am,n C we do not know a priori that "com- 

position" or "substitution" by elements of Am,n for ^-variables and elements of 
{Ai\i^n)° for p-variables in the rings A„i^n makes sense. However, Properties (a) 
and (b) (Weierstrass Division) of Definition 14.1.31 (or Property (a) of Definition 
I4.3.3P allow us to define composition in these rings. For example, dividing /(^i) by 



gives /(Ci) = (5-(6-5(6)) + ^(6) and we can define f{g{^2)) to be h{^2)- 



Definition l4.1.3l for Definition l4.3.3|) guarantees that this actually is composition on 
the "top slice". In all the standard examples (Examples [44]) composition defined in 
this way actually is power series composition. In a field with analytic structure (i.e. 
after applying a) this "defined" composition becomes actual composition. In the 
above example, cr(/(Ci)) = cr((5)(fi - cr(.9(6))) + ^(^(6)), so a{h) = a{f) o a{g). 

Proposition 4.5.3. Analytic A-structures preserve composition. More precisely, 
if A = {A,n,n} and f e A,„^„, G Am^n, /3i,...,/3„ G {Am,n)°, then 

g:^ f{a,[i) is in Amm and a(g) = {cr{f)){a{a),a{P)). 

Proof. As in [CLRlj . Proposition 2.8, and the above remark, this follows from 
Weierstrass Division. □ 

Proposition 4.5.4. In a nontrivially valued field with analytic A-structure, the 
image of a power series is the zero function if and only if the image of each of its 
coefficients is zero. More precisely, for K a nontrivially valued field, 

(i) Let a he a separated analytic A-structure on K . Then 



Furthermore, with the notation of Definition ^ . 1 . ^ v ), if f{£.\ p') — v f tiyi^i 
and a € {K°)™ , b G (K°°y\ then we have that the function 




m —m 



X {K"°) 



-oo\n' —n 



K° : (c, d) 



'{f){a,c,b, d) 
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is the zero function exactly when crm,n(/^,y)(ci, b) — for all ii, v. 

(ii) (tt 7^ 1) Let a he a strictly convergent analytic A-structure on K . Then 
kercTm = (^aiJ.S.^ e An : e kertro}. 

Furthermore, with the notation of Definition \J^3.1\ ^v), if f{S,') — Tlip. f 
and a € {K°)"^ , then the function 

{K°r'-^'^K°:c^am'{f){a,c) 

is the zero function exactly when am{f ^){a) — for all fi. 

Proof. This follows easily from the Strong Noetherian Property and Weierstrass 
Preparation. Case (i) in the case that K is nontrivially valued is given in detail in 
[CLRl] Proposition 2.10. □ 

Remark 4.5.5. Proposition 14.5.41 does not always hold when K is trivially valued. 
Namely, in case (i), the function o'(pi) is the zero function. In case (ii), if X is a 
finite field there is a nonzero monic polynomial G Ai such that cr(p) is the 

zero function. There is no problem in the construction of Remark 14.5.81 however . 

When considering a particular field K with analytic y^-structure, it is no loss 
of generality to assume that kercro.o = (0) (See Example 14.4^ 11)). Indeed we can 
replace A by A/ kei aofi to get an equivalent analytic structure on K with this 
property. In the case that ker cro,o = (0) we may consider ^o,o = A to be a subring 
of K°. It is convenient to extend the Weierstrass system by suitably adjoining the 
elements of K to A: 

Definition 4.5.6 (Extension of parameters), (i) Let A — {A„i n} be a separated 
Weierstrass system and let K he a nontrivially valued valued field with analytic 
yi-structure {am,n}- Assume that kerao.o = (0), so we may consider ^ as a subring 
of K° and Am.,i as a subring of p]]- With the notation of Definition 14. 1 .2r v) 

and with M = m'-m,N = n'^nAif = j:^,,J^A^,PWnp"r, « e (^°)" 
and b € {K°°)", we write f{a, b, p") for the power series 

Then by Proposition l4.5.4l the function 

{K°)^' X {K°X - K° ■■ (c,d) - (a/)(a,c,5,d) 
only depends on the power series /(a, b, p") and we denote this function by 

Define the subring AM^iK) of K°[[C,p"]] by 

AM^NiK) := \J {f{a,C,b,p"): feA^,,,,, aeiK°r\ b€iK°°r}, 

m,neN 

and define 

A{K) := {AM,NiK)}M,N- 
Then, cr^,/ jy ^ homomorphism from AM,NiK) to the ring of functions {K°)^^ x 
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(ii)(7r 7^ 1) Let A = {Am} be a strictly convergent Weierstrass system and as- 
sume that K has analytic ^-structure {am} and that kertro — (0) so A = Aq C 
K° . With the notation of Definition 14.3.11 (v) and with M — m' — m, if / = 
Ej^OiCT anda e define the power series /(a, as 'T„(7^)(a)(r )^ e 

Then by Proposition gXl the function (j'M{f{a,£,")) defined by 

{K°)'' ■.c^am'{f)ia,c) 
only depends on the power series f{a,^"). Define 

AMiK) U {/(a,r): / e Am+M, a e (X")"} 

meN 

A{K) {AA/(i^)}. 
Then cr^j is a homomorphism from ylAf(-ftr) to the ring of functions {K°Y'^ —f K° . 

We have 

Theorem 4.5.7. (i) Let K and A he as in Definition \4-5.b\ i). Then A{K) is a 
separated Weierstrass system over {K°,K°°) and K has separated analytic A{K)- 
structure via the homomorphisms {cr^f jyl- 

The family {AM,oiK)} is a strictly convergent Weierstrass system and {cr'^i q} 
provides K with a strictly convergent analytic structure as described in Definition 
\4.3.6\ ii). (No rings of K° -fractions are needed as K° is a valuation ring.) If A is 
a strong Weierstrass system, so is A{K). 

(ii) Let K and A be as in Definition \4-. 5. 6]f ii) . Then A{K) is a strictly convergent 
Weierstrass system and K has strictly convergent analytic A{K)- structure via the 
homomorphisms {(7^/}. If A is a strong Weierstrass system, so is A(K). 

Proof. The various properties for A{K) follow using the Weierstrass Division The- 
orem and the Strong Noetherian Property and the corresponding properties for A. 
(The case when Am,n = A{^)[\p\], with A noetherian and complete in its /-adic 
topology is given in [CLRlj . Lemma-Definition 2.12.) □ 

Remark 4.5.8 (More general constants). Let K and A be as in Definition 14. 5. 6r i). 
and use its notation. For K' any subfield of K, one can define 

Am,n{K'):= y {f{a,e,b,p")- f ^Am',n', ae{K'°r\ be{K"'°r}- 

Similarly as in Theorem 14.5.71 if K has analytic yl-structure, then it has analytic 
A{K') structure. 

We restate the special case m = or n = of the Strong Noetherian Property 
fTheorem l4.2.15p for A{K), that we will need in Section [51 

Corollary 4.5.9. Let A ~ {Am.ri} be a separated Weierstrass system and let non- 
trivially valued field K have separated analytic A-structure a with ker((To.o) — (0). 
If f € Am+M,n+NiK) md m = or n — 0, we can write 



30 



CLUCKERS AND LIPSHITZ 



where the g^j^i, G ^^jy and J C f^^^+^ is a finite set. 

We restate some results from [CLRlj whose proofs extend without difficulty to 
our current more general setting. 

Proposition 4.5.10. (Proposition 2.17 of |CLR1| ) 

(i) Let A be a separated Weierstrass system and let K be a valued field with separated 
analytic A-structure; then K° is a Henselian valuation ring. 

(ii) (7r ^ f) Let A be a strictly convergent Weierstrass system and let K be a val- 
ued field with strictly convergent analytic A-structure. Then K° is a Henselian 
valuation ring. 

The following theorem permits us to work over any algebraic extension of the 
domain of an analytic ^-structure. Its proof is the same as that of Theorem 2.18 
of |CLR1| . 

Theorem 4.5.11. Let K be a valued field and let K' be an algebraic extension of 
K. 

(i) Let A be a separated Weierstrass system. Suppose that K has a separated 
analytic A-structure a = {(Tm,n}- Then there is a unique extension of a to a 
separated analytic A-structure r on K' . 

(ii) (n =/= l)J Let A be a strictly convergent Weierstrass system. Suppose that K 
has a strictly convergent analytic A-structure and that aiir) remains prime in {K')° . 
Then there is a unique extension of a to a strictly convergent analytic A-structure 
T on K' . 

Remark 4.5.12. (i) Let C be a ring of ^-fractions. Let u be a separated analytic 
yl-structure on K and let B be a Laurent ring over Cm,n with defining formula ips- 
Then the formula ipB defines in a natural way a subset U^^ of {K^ig}"^ x {K°igy^ 
by Theorem l4.5.11l If the set U^p^ is nonempty, then it is called a Laurent subdomain 
in the terminology of JBGR] , Definition 7.2.3.2, and it is called a K°ig-subdomain 
in the terminology of LRl], Definition 5.3.3. Moreover, B defines in a natural 
way a ring of (analytic) functions on U^g , via cr. We will not study these rings of 
functions in detail. 

(ii) Let (7 be a separated analytic ^-structure on K and C a ring of ^-fractions 
which is compatible with a. Let i? be a Laurent ring over Cm,n with a defining 
formula ips- Then U^g as in (i) is nonempty if and only ii (ps can be obtained 
inductively as in Definition 14.2.81 such that for each step of type (ii) there exists 
X in {K°ig)"'+^-^ X (ii:°,g)"+^ with |cr(/)(a;)| > 1 and for each step of type (ui) 
there exists x in (-ftr°,g)™+^'-^ x (i^°f<,)"+^ with |cr(/)(a;)| < 1. We will not use this 
property. 

Remark 4.5.13. The conclusion of Proposition 14.5.101 11). and hence also the con- 
clusions of Theorem 14.5. 1 ir ii) . can be false without the assumption that ord(i^°°) 
has minimal element ord(cro(6)). To see this consider Am — T!°j(Cp), the strictly 
convergent power series of gauss- norm < 1 over Cp, the completion of the alge- 
braic closure of Qp. Let C* be a nonprincipal ultrapower of Cp, and let 6 e C* 
satisfy 1 — i < |6| < 1 for all n G N. Let K be the smallest substructure 
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of C* containing b and closed under +,-,(•) ^ and all the functions of [J„^Arn- 
Then, by definition, K has analytic {ylm}-structure in the sense that the ele- 
ments of Am define functions on in a natural way. Let C K°° be the 
ideal in K° generated by {p^ : n e N}. One can see by induction on terms that 
K°/p^K° ^ : f,g e¥p[b] and 5(0) 7^ 0}. Here Fp is the algebraic closure of 

the p-element field. K° is not Henselian - consider f{x) = 1 — x — which is 
regular in x of degree 1 but has no zero in K° . Indeed it has no zero in K° /p^ K° . 

Definition 4.5.14. Let A — {A^.n} be a separated or strictly convergent Weier- 
strass system. Let C = (0, 1, +, , | • |) be the language of valued fields (the 
symbol " denotes multiplication on the value group.) Let £a be £ augmented with 
function symbols for the elements of „ Am.n- We call Ca the language of valued 
fields with analytic A-structure. Let K he a valued field with analytic yl-structure. 
Interpret / € ^„,„ as a{f) : {K°)'"^ x {K°°Y ^ K° , extended by zero outside its 
domain, so K becomes an £_4-structure. 

The following theorem extends |LL2j Theorem 3.8.2, |LR2j Theorem 4.2 and 
[LR3] Theorem 4.2. 

Theorem 4.5.15. (Quantifier Elimination.) Let K he an algebraically closed val- 
ued field with separated analytic A-structure. Let Ca be as above. Then K admits 
elimination of quantifiers in La- 

Proof. The proofs of the above cited theorems, which are based on Weierstrass 
Division and the Strong Noetherian Property, work with very minor modifications. 

□ 

Note that Theorem 14.5.151 does not impose any condition on the characteristic 
of K. (In fact, everything up to the end of section [5] is for all characteristics.) In 
section [6l Theorem 16. 3. 71 we will give a quantifier elimination statement in the case 
that K has characteristic zero but is not necessarily algebraically closed. 

4.6. The algebraic case. In this subsection we show that every Henselian field 
carries a definable (algebraic) analytic structure, so our theory of Henselian fields 
with analytic structure contains the first order theory of Henselian fields as a special 
case. Along the way we establish some results about algebraic strictly convergent 
and separated power series over a discretely valued Henselian field that may be of 
independent interest. The results of this section are not used in the rest of the 
paper. 

Let i? be a field or an excellent Henselian discrete valuation ring, with prime p. 
Let ^ = (Cii ■ • ■ 7 Cm)- Let R denote the p-adic completion of R and R{£) the ring 
of strictly convergent power series in ^ with coefficients from R. Let R{^)aig denote 
the algebraic closure of R[^] in i?(C), i.e. all the elements of R{^) that are algebraic 
over R[^]. (The condition of excellence for R is the same as assuming that R is 
separable over R, i.e. if yi, . . . , ?/„ G R then the field extension Q{R[yi, . . . ,?/„]) 
over Q{R) has a separating transcendence base. Here Q{A) denotes the quotient 
field of A.) 
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Theorem 4.6.1. (Artin Approximation for R{^)aig) Let rj ~ (771, . . . ^tin), and let 
Fi{S,,'i]) G R[S^,ri] for i = l,...,d be a finite set of polynomials, and let c Cz N 
and ri{^) G {R{£,))^^ satisfy Fi{£^,r]{^)) = for i = l,...,d. Then there exist 
viO e {RiOaig)^' satisfying F,{i,^{J)) = for i = 1, . . . , d and?j{0 = viO 
mod p"^. Moreover, there are Ci, • • ■ , Cn G R{Oaig such that ^, ('i, . . . , C„] is a 
Henselian extension of R[^], i.e. the Jacobian of this extension is a unit - there are 
Gj G R[^, rj, (^], j = 1, . . . , N + n such that (^^)(^7 C) '■^ unit. 



Proof. The proof is the same as that of |Ar| in the local case, except that one uses 
the strictly convergent Weierstrass Preparation and Division Theorems instead of 
the local versions. For an elementary exposition of the Neron desingularization see 
|DL2] section 3. (Alternatively, one could follow the slightly different proof given 
in [B3].) □ 



The quasi-affinoid or separated case is more complicated. First we introduce 
some notation. Let ^ = (^1, . . . , Cm), V = (f^i, • ■ • , Vm), P = (pi, • ■ • , Pn) and A = 
(Ai, . . . , Aat). 

S:^JR) :=i?(0[[p]] 
and S°^ j^{R)aig is the algebraic closure of R[C,p] in S'°„ „()?). 

Definition 4.6.2. An algebraic Laurent domain (in {F°ig)™- x {F°°gY , where F 

is the quotient field of R or i?) is a domain defined inductively by a sequence of 
inequalities of the form |pi(^)|nif where each pi is a polynomial with \\pi\\ = 1 
and each Di G {>,<}. For algebraic Laurent domains lA we define the ring of 
i?-analytic functions Of^iU) on U inductively as follows. If O^iU) — S°^, ^,{R)/I 
and p{C) is a polynomial with ||p|| = 1 and 

W := Un{{tp):\pm>^} 
U" := Z^n{(C,p):b(0|<l} 



then 



0^{U') := 5°„,+i^„,(i?)/(/,p(0U'+i-l) 

OliW) := (p,pi,...,p„0Oi?(W') 

Of^{U") := ^°„,,„,+i(i?)/(/,p(e)-p„'+i) 

0%{U") {p,pi,...,pn'+i)0^{U"). 



For an algebraic Laurent domain we define the ring of algebraic functions OR{L()aig 
to be the algebraic closure of R[S,,p] in Oj^{U), and 

0°j,{U)alg ■.^OR{u)aigno]^iu). 

A finite family {Ui} of algebraic Laurent domains is called covering if [JiUi = 

iKlgT X (F- 

Theorem 4.6.3. (Artin approximation for ^{R)aig) Let Fi{C,r], p,\) G i?[^,77,p. A] 
for i = I,...,d, let c G N and suppose that f]{C,p) G (5'^_„(i?))*^, A(^,p) G 
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iip,p){S°^jR))^ satisfy 

for i — I, . . . , d. Then there is a finite covering family {Ui}, i — 1, ... of algebraic 
Laurent domains and for each i there are 

such that 

A«(^,p) = X^'\tp) mod {p,pr and 
i^,(C,p,^7^*),A«) = Vj = l,...,d. 

Moreover, for each i there are C**^ = {Ci\ . . . ,Cl^) ^ (CflX^Oaig)^ and a^"^ = 
(cr J*"* , . . . , CT^*? ) S {0°j^{Ui)aig)'" such that Ofl(Z^i)a;g[^, A, C, cr] is a Henselian ex- 
tension of OR{hii)aig, i.e. the Jacobian of the extension is a unit - there are 

Gj e 77, A, C, fi], i = 1, • • • , M + + L + L' such that (^f, (, A, a) is 

a unit. 

Proof. The proof, including the Neron p-desingularization, is the same as in the 
affinoid case, except for the following complication. As in the affinoid case we 
reduce to the situation (using the notation of [Ar ) that 

F(C,p,7y,A) = 

and 

= 5{i,P,ri,\) mod p 

where 5 is the determinant of a suitable minor of the Jacobian matrix. It may 
not be possible to make 5 regular by permissible changes of variables among the 
and among the pj. However, 5 will be preregular (see Definition 14 . 2 . 1 2( ) of degree 
(/io,t'o), say. Writing 

^(e,p)-5]?.(CK 

we break up into two algebraic Laurent domains as follows: 

(i) Ui defined by > 1 i-S- ^.^oCm+i -1 = 0, and 

(ii) U2 defined by |^i.o(C)l < 1 i-e- ^1/0 - Pn+i = 0- 

Case (i). After Weierstrass changes of variables among the and among the pj, 
we may assume that (5i/Q^m+i — 1 is regular in ^m+i of degree s say, and that Cm+i(5 
is regular in p„. We are thus reduced to seeking solutions in OE.{Ui)aig (which is a 
finite 5*^ „(i?)Q/g-algebra) with 6 regular in p„ and we proceed as in the affinoid, 
or local cases by induction on n. The reduction from a finite S"^ „_]^(i?)aig-algebra 
to S^^„_i{R)aig is immediate as in jAr| . 

Case (ii) After a Weierstrass change of variables among the ^i, we may assume 
that S^g — Pn+i is regular in Hence we are reduced to the case of a finite 
algebra over 'S'^_i,„+i(^)a/g, and hence to the case of S'^_i^„+i(^)a/g, and the 
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proof follows by induction on the pairs (m, n) ordered lexicographically. The case 
m = is like the affinoid case - S can be made regular in p„ by a Weierstrass 
change of variables among the pj . □ 

Remark 4.6.4. The condition on the Jacobian in Theorem 14.6.31 (and Theorem 
14.6. 1|) shows that all the algebraic power series (i.e. power series in 0'^{U)aig for 
U a Laurent domain) define functions on any Henselian field containing R that are 
existentially definable in the language of Henselian fields. 

Theorem 4.6.5. S'^ ^{R)aig satisfies the two Weierstrass Preparation and Divi- 
sion Theorems (Definition In other words, if f,g € S!^ „{R)aig and f is 
regular (in ^rn or pn), then the associated Weierstrass data are algebraic. 

Proof. First we prove that the data associated with Weierstrass Preparation ap- 
plied to a regular algebraic power series are algebraic. Let f{^,p) € S°^,^{R)aig 
be regular in ^^n of degree s say. (The case that / is regular in p„ is similar.) 
Let ^' = (fi, . . . ,Cm-i)- Then there is an F{^,p,Y) e R[^,p,Y] \ {0} such that 
F{C, P, fit P)) = 0. We may assume that F(^, p, 0) 7^ 0. Let 

- c/(^,p)K™ + ^-i(r,p)C™ ' + • •• + Ao(e',p)] 

with the Aj £ 5'm_i.„(-R) and U e S'°„ „(i?). Let the be the zeros of + 
+ • • • + Ao{£^' , p) in the algebraic closure of the quotient field of 
S'^ „(i?). Then the all satisfy F{t ^^^j, p,0) = 0, and hence are algebraic. 
The Ai{t , p) are symmetric functions of the j and hence also are algebraic, i.e. 
in S!^^n{R)aig. It follows immediately that U{£,,p) is also algebraic. 

Next we show that the Weierstrass data associated with Weierstrass Division 
of an algebraic power series by a Weierstrass polynomial in are algebraic. Let 
g e S°^jR)aig, and f = + + • • • + Ao{C,p) W with the 

Aj e S^_^^^{R)aig. We have that 

s-1 

g{tp) = Q{tp)■w + Y,r^{e,p)Cn 

with the r,(^',p) e ^^_i,„(i?). 

Assume first that W is irreducible and separable and let j-, j = 1, . . . , s be the 
zeros of W in the algebraic closure of the quotient field of S*^ „()?). Since g{^, p) is 
algebraic, so is g(5', £,m,ji P) ^'^^ each j. Then we have for j = 1, . . . , s that 

s-1 
1=0 

Considering these as equations in the unknowns , we see that the coefficient matrix 
is nonsingular, and hence that the are algebraic. 

In the non-irreducible case, we do Weierstrass Division successively by the irre- 
ducible factors of W, observing that they will also be regular in 

Finally, we must consider the case that W is irreducible, but not separable, i.e. 
that W is a polynomial in ^J^, where p is the characteristic of R, say W{S,', S,m,p) — 
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Wi{{£,' p). We proceed by induction on the degree of W. W\ has degree 



s' < s and is regular of degree s'. Write 

p-i 



i=0 

The Qi e S'^^^(K)aig and hence by induction there are r^j G S^_i „{R)aig such 
that 

s'-l 

3=0 

Replacing 77 by we see that 

p-i 

p— 1 p— 1 s' — 1 

□ 

From Theorem 14.6.51 and Remark 14.6.41 we have 

Corollary 4.6.6. // K is Henselian and R C K° is either a field or an excellent 
discrete valuation ring, then 

(i) {>S'°j „(i?)a/g}m,n *s fl Separated Weierstrass system. 

(ii) The elements of S°-^ ,^{R)aig define analytic functions (K°)"' x {K°°)-^ K° . 
Indeed, these functions are existentially definable uniformly in K . Hence K has a 
natural analytic {S^ ^^{K)aig}m.n~structure. 

(iii) Taking R = Q, Zp'^ the algebraic p~adic integers, and ¥p the p-element field, 
gives prime (i.e. smallest) analytic structures on all Henselian fields, depending 
only on the characteristic and residue characteristic of the field. 



5. SUBDOMAINS OF K°ig AND THEIR RINGS OF SEPARATED ANALYTIC FUNCTIONS 

In this section, we develop the basis of a theory of analytic functions on a K- 
annulus (an irreducible iiT-domain in K°ig in the terminology of ^LRlj ). when K 
carries a separated analytic ^(ii')-structure. Here A — {Am,n} is a (fixed) sepa- 
rated Weierstrass system and iiT is a field with separated analytic ^-structure. We 
assume in this section that ker(cro.o) = (0) and hence that K has analytic A{K)- 
structure, cf. Definition 14. 5. 6i Theorem 14.5.71 Our main result is that any analytic 
function on any iiT-annulus equals a unit times a rational function, cf. Theorem 
15.5.21 From this it follows that if r is a term in the language of valued fields with 
analytic ,4(i4r)-structure, then there is a cover of K"^^ by finitely many 7^-annuli 
on each of which r is a rational function times a strong unit, cf. Theorem 15.5.31 
This is what is needed for most model-theoretic applications. In section 15.61 we 
prove some stronger results under stronger assumptions. 
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The results in this section extend some the results of |CLRlj . Section 3, as well 
as some of those of |DHMj . They also extend the classical results of [FPj . Section 
2.2, to the quasi-affinoid and the non-algebraically closed cases. An alternative 
definition of analytic structures is given in [ScanlCM] where a statement similar to 
Theorem 15.5.31 is an axiom (more or less instead of our axiom (c) which seems to 
us more readily verifiable for the examples in section [4. 4p . 

We present a more complete theory than the minimum needed for the above- 
mentioned result about terms. The reader interested only in that application should 
consult Remark 15.5.51 for the shortest path to that result. The complications in 
the proofs are a consequence of the lack of completeness - completeness is a key 
ingredient of the proofs in the classical (affinoid) algebraically closed case. It is 
also a key ingredient in the development of affinoid algebra and geometry ( |BGR| ) 
and quasi-affinoid algebra and geometry ( |LR 1|). In section [5.61 we assume a weak 
consequence of completeness (that holds in most of the standard examples) give 
somewhat easier proofs, and also establish a second "Mittag-Leffier" type theorem 
( Theorem 15.6.51 ) 

In this whole section, A is a. separated Weierstrass system and any separated 
analytic y^-structure a is assumed to satisfy ker(cro,o) — (0)- Hence, if K has ana- 
lytic .4-structure, then it has analytic ^(iir)-structure, cf. Definition l4.5.61 Theorem 

axil 

With some care, all results and definitions in this section and section [6] can be 
adapted to the case of strictly convergent Weierstrass systems (tt 7^ 1), where one 
uses the maximal algebraic unramified extension in place of Kaig, see [CLRlj . 

5.1. Definitions and Notation. 

Definition 5.1.1 (A'-annulus). Let K he a, Henselian valued field. 

(a) A K-annulus formula is a formula of the form 

L 

\po{x)\UQ£f) A l\ £iUi\pi{x)\, 
i=l 

where the pi G K°[x] are monic and irreducible, the € \ {0}| and the 

Oi G {<,<}• Define Di by {D^, Di} = {<,<}. We require further that the sets 

Hi := {x e Kaig : \pi{x)\Dtei}, i = 1, . . . , L, 

be disjoint and contained in {x G Kaig '■ |po(a^)|no£o}- 

(b) The corresponding K-annulus is 

:= {x e Kaig ■ 'fiix)} 

(If Ki D Kaig is a field then (p also defines a subset of Ki. We shall also refer to 
this as Uip and also call it a /-C-annulus. No confusion will result.) The K-holes 
of (f, sometimes called the holes otU^p, are the sets Hi. A if-annulus of the form 
{x e Kaig '■ \poix)\OQeo} is called a K~disc or just a disc. 

(c) A if-annulus formula ip and the i^T-annulus Ldp are called linear if the pi are 
all linear and the Si G \K\ \ {0}. 
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(d) A if-annulus fomula Lp and the if-annulus U^p are called closed (resp. open) 
if all the Di are < (resp. <). 

(e) A if-annulus formula is called good if the pi are of lowest possible degrees 
among all if-annulus formulas defining the same if-annulus. 

Instead of requiring in a) that the pi be irreducible and allowing the Si € 
\ {0}|, we could require that the Si G \K \ {0}| and allow the pi to be powers 
of irreducible monic polynomials. 

We shall often let e denote an element of \K \ {0}| or an element of K of that 
size, which will be clear from the context. 

Lemma 5.1.2. Let K he Henselian. 

(i) Let p G K[x] be irreducible and let □ G {<,<}. Then for every S G 
y^\K \ {0}| there is an e E ^y\K\{0}\ such that for every x G Kaig, 
\p{x) \ De if, and only if, for some zero a of p, \x — a\ DJ. 

(ii) A K-annulus is a unique finite union of isomophic (and linear) Kaig-annuli. 
Lf K = LCaig then all K-annulus formulas are linear. 

(iii) Any two K -discs (cf. Definition \5.LlY b)) Ui and U2 are either disjoint or 
one is contained in the other. 

(iv) For any two K-annuli lAi and U2, if Ui H U2 7^ then lAi n hi2 is a K- 
annulus. 

(v) The complement of a K-annulus U (i.e. K°ig \ IA) is a finite union of 
K-annuli. 

(vi) Every set of the form 

= |.T G Klig : |po(x)| Doeo A /y e,n,|K(a:)|| 

with the Pi irreducible and the Ei G \/\K \ {0}| is described by a K-annulus 
formula. 

(vii) Every K-annulus is described by a good K-annulus formula. 

(viii) If for a finite collection of K-annulus formulas ipi the K-annuli U^p. cover 
K°ig, then for any K' D K the corresponding K'-annuli cover K'° (cf. Def- 
inition \5 . 1 . iV b) ) . 

Proof. Exercise (or see jCLRlj . Lemma 3.2.) □ 

Definition 5.1.3 (Rings of analytic functions). Let K have separated analytic A- 
structure, and let be a iiT-annulus formula as in Definition lS.l.ll (a). Define the 
corresponding generalized rings of fractions over K° , resp. K, by 

0^(1^) := A.ra+i^n{K) / {pq° {x) - aoZ(),p[^ (x)zi - ai, . . . ,p'^j^{x)zL - a^), 

and 

where flj G K° , \ai\ = ef , m+n = L+1, {zq, . . . , zl} is the set {^2, • • ■ ,Cm+i:Pi7 • ■ ■ ,P 
and X is and 2:^ is a ^ or p variable depending, respectively, on whether Di is < 
or <. By Weierstrass Division, each / G Oj^ ((^s) defines a function Kaig via 

the analytic structure on Kaig given by Theorem 14.5.111 Denote this function by 
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. Let 0'^{(p) be the image of Ol^{(p) under f ^ and call 0'^{(p) the ring of 
analytic functions on Uxif)- 

Clearly, /'^ maps n K' into K' for any field K d K' d Kaig, cf. Theorem 
I4.5.ffl 

The mapping f ^ f in obviously a surjective if-algebra homomorphism. We 
do not know if it is always injective, though we do prove it is for some annuli of 
particularly simple forms fLemmas 15.3.61 and 15.3.71 and Corollarv l5.3.10[) . We show 
in section [5?6l (Theorem l5.6.3|l that under the stronger assumption that K has strong 
separated analytic structure, this homomorphism is injective for all iiT-annuli. 

Definition 5.1.4 (Units). Let f be a unit in 0'^{(p). Suppose that there is some 
^ G N and c £ K such that |(/'^(a;))^| = |c| for all x e U^. Suppose also that there 
exists a nonzero polynomial P(^) € K[^] such that P {{^{f^ ix)Y)^) = for all 
X G Utp, where ~ : K°ig —> Kaig is the natural projection to the residue field. Then 
we call / a strong unit. We call / a very strong unit if moreover — \ and 

(/(.x))~ = 1 for all X G U^p. We call / G Oj^ a (very) strong unit if f is. 

Examples 5.1.5. 

(i) If /gOk('^), /-l + .9with 

g G {A„i+i^n{K))° / {pI° {x) - aQZQ,p{^{x)zi - ai, . . . ,p^l'{x)zL - ol), 

then / is a unit by Remark 14.1.71 and since K has analytic .4(if )-structure. Hence, 
in this case / is a very strong unit. 

(ii) Let (fi be the ii'-annulus formula |a;| < 1, and U^p — K°fg be the corresponding 
open disc. Then Ok if) — ^o,i, as expected. Namely, by definition, Oxi'^) — 
Ai^i[K) / {x — pi), with X a ^-variable. But since x — pi is regular in x of degree 1 
(cf. Definition 14.1.1( 1')'). for any g in Ai^i there exist unique q G Ai^i and r G Aq.i 
such that g — q{x — pi) + r. This shows that there is a well defined surjective map 
from Ok if) to Aq^i, namely sending the class of g to the class of r, with inverse 
just the projection from Aq^i to Ok{^)- 

(iii) Let Lp be the if-annulus formula \x\ < 1, and U^p — K"^^ be the corresponding 
closed disc. Then clearly OK{f) — ^i.o- 

(iv) An example of a strong unit which is not a constant plus a small function goes 
as follows. Let if = R. The annulus formula |a;^ + 1| < 1 gives a i^-annulus U on 
which the identity function a; i-^ a; is a strong unit. The -ftT-disc U consists of two 
open Kaig-discs centered at i and —i. For details, see [CLRlj . 

Notation. With the notation from Definition 15. 1.31 in particular, p = {pi, . . . , pn), 
we define 

{K°°,p)Ok{^) 
Ok{^) 

OKivT- 



OKivT ■■= 

ou^r ■■= 
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We will use the suggestive notation / = a.(x)(£iig^)''o . ^ 

to denote the image of / = J2i, '^i^i^i)^o'' ^o" ^i' ■ ■ ■^n" G A„+i.„ in 0]^{(p) or 

We need to study the rings of functions on annuli of some particularly simple 
forms. 

Definition 5.1.6. 

(i) A linear if-annulus of the form 

n 

{x e Kaig : |a; - aol < £ and - ai\ > e} 

i=0 

for some e E \/\K \ {0}|, e < 1, and Ui € K° is called thin. A general -fC-annulus 
U is called thin if each each of the linear /-Ca/g-annuli Ui corresponding to U as in 
Lemma 15.1.21 fii) is a thin linear /iTajg-annulus. 

(ii) A iiT-annulus U of the form 

{x £ Kalg : £i < \p{x)\ < So}, 

where p G K[x] is irreducible is called a Laurent annulus. We call a Laurent 
iC-annulus hi simple if each of the linear Kaig-&iw\Ai Ui corresponding to U as 
in Lemma 15.1.21 (ii) is a Laurent Kaig-SLimuhis. A linear Laurent annulus is thus 
necessarily simple. 

(iii) If the linear if-annulus 

n 

{x G Kalg ■ \x - aol < e and /\\x - ai\ > e} 

i=0 

is thin and e' < e < e" , and W, U" are defined by 

n 

U' := {x £ Kalg \x — ao\ < e a.iid\x — ao\ > e'} and ^\x — ai\ > e} 

i=l 

n 

U" := {x e Kalg ■ |a; — ao| < e" and f\^\x — ai\> e}, 

1=0 

we call U' , hi" almost thin. A general if-annulus hi is called almost thin if each each 
of the linear i^aig-annuli hii corresponding to U as in Lemma 15.1.21 (ii) is an almost 
thin linear i^o/g-annulus. We denote the corresponding thin annuli (obtained by 
replacing e' and e" in the above definitions by e) by hi[ and U" respectively. 

(iv) We call two X-annuli adjacent if their union is a if-annulus. We say that two 
if-annuli overlap if their intersection is nonempty. 

(v) We call a finite cover {Ui] of U by annuli Ui rigid if for each i^j there is a finite 
sequence Ui = Ui-^ , • • • , Ui^ = Uj from the cover such that for each i = 1, • • ■ , m — 1 
we have that Uii, and Uig_^_-^ overlap. 

Remark 5.1.7. 

(i) An open iiT-annulus with only one i^-holc is Laurent, by Lemma l5.1.2r i). 
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(ii) An almost thin annulus is a thin annulus ilA) that has been "thickened" either 
in its hole around oq {W) or in its "hole at oo" iU"). 

The two types of almost thin annuli are equivalent for many purposes. The proof 
of the following lemma is a simple calculation. 

Lemma 5.1.8. The two types of almost thin linear annuli (U' , hi" ) in the definition, 
and their rings of functions (0{U'),0{U")), are related by the change of variables 

y=(x~ ai)"^ 

Lemma 5.1.9. Let R{x) G K{x) and e £ \/\K\ \ {Q}, let □ e {<, <}, and let 

U:={xeK,^:\R{x)\ae}. 

There are finitely many K -annuli lAi, i — 1, . . . , L and a finite set S C Kaig' such 
that U \ S — [ [jf^i Ui) \ S and for each i there is an fi g 0^j^{Ui) such that 

R{x)\ui\s = fi\uAs- 

Proof. We may assume that R{x) — x"" 0^=1 Pi (2;)"', where the pi £ K°[x] are 
monic, irreducible and mutually prime and the G Z. The lemma is proved in 
ICLRlj . Lemma 3.16. □ 

5.2. Results from |BGR| . In this subsection we summarize some of the results of 
|BGR| that apply without change in our context. Only fairly special cases of these 
results are actually used (for example in the proof of Proposition 15 . 3 .21 ) 

Observe that a iiT-annulus is not always a i^aZg-annulus. However, by Lemma 
5.2 (ii), a -ftT-annulus is the disjoint union of a finite set of isTa/g-annuli (and the 
corresponding rings of functions are related as in Proposition 15 . 3 . iTl ) These linear 
Kaig-B^TLimli are isomorphic via automorphisms of Kaig over K. We are thus led to 
consider more general domains. 

The following is used in Definition 15.2.21 (iii) and afterwards in Section 15.51 
Definition 5.2.1 (Residue norm). With the notation from Definition 15.1.31 for 

f^OKiv), 

WfW < 1 

means that there exists g G Am+i,n{K) whose class in Ok{'P) is / and such that 
II5II < 1, with II • II the gauss-norm (see just above Remark |4.1.10|) . This usage 
extends naturally to the case (Definition 15.2.21 below) that ip \s & domain formula. 

Definition 5.2.2. We define the concepts of a domain formula (yS, the correspond- 
ing domain lA^, generalized ring of K° -fractions Ok{^), generalized ring of K- 
fractions 0'^j^(Lp) and ring of analytic functions 0'J^{U) inductively as follows. 

(i) The formula (p: = Al^id^d ^ 1) A"=i(|Pi| < 1) is a domain formula. The 
corresponding domain is {K°ig)'^ x {K°ig)", its generalized ring of i^°-fractions is 
A-m,n{K), its generalized ring of iC-fractions is A}^ ni^) ■= ^ ®k° Am^n{K)- 
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(ii) If <p, h^^p, Ok if) and Oj^^tp) are a domain formula and the corresponding domain 
and generalized ring of fractions, and fi, . . . , /m, gi, ■ ■ ■ , gN , h G Ol^{(p) generate 
the unit ideal, then 

M N 

V ^m<\h\)^ t\{\g.\<\h\) 

i=l i=l 

is a domain formula. The corresponding domain is 

M N 

{xeU^: f\{\m\ < \Hx)\) and < \h{x)\)} 

i=l i=l 

and if Oxi'^) = Am.n{K)/I then 

OkW) = A^+M,n+N{K)/I', 

where 

/' = (/, /i - 7/1 /i, . . . , /m - VMh, gi - Tih, ...,gN~ tnK). 

(iii) We define the corresponding generalized ring of (if -valued) fractions ((^) on 
by 

This is consistent with the notation ^[^^{K) = K ®k° Am,n{K) from (i). We 
define 

0\Avr := {/eO/fM: 11/11 <1}, 

and 

Oj^M- :^ (A'-,p)Ot^H°, 
where = An,n(if)/i and p = (pi, • • • 

(iv) The corresponding ring of functions 0'^{ip) is the image of 0]^(</?) in the ring of 
functions Kaig under the mapping provided by the analytic ^(iirQ;g)-structure 
on Kaig. 

(v) We call a domain closed if all its defining inequalities are weak (i.e. <) and we 
call a domain open if all its defining inequalities are strict (i.e. <). In the case that 
U is closed its ring of i4r°-fractions is of the form Am.o/I and in the case it is open 
its ring of X-fractions is of the form ylo,„//. 

The following definition generalizes the notion of domains, and will only be used 
in the proofs later on in section [5.51 No confusion should result with the notation 
of Definition [5221 

Definition 5.2.3. If J is an ideal in A]-,-^ niK), define 

ViJ) := {(a, b) e {R^J'^ X (/Cg)" : /"(a, b) = 0, for aU f e J} and 

Oj^(J) Al^ ,^{K)/J. The elements of 0^(J) define functions on V{J) Kaig 
via cr in a natural way, and we denote this ring of functions by 0'^{J). 

Remark 5.2.4. (i) If is a if-annulus formula and F is an algebraic extension of K, 
then If is a i^-domain formula, even though Lp may not be an i^-annulus formula. 

(ii) Many of the results for domains, of [BGRj in the affinoid case, and of [LRl] 
in the quasi-affinoid case, hold also in the more general setting of Henselian fields 
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with analytic structure, often with (shghtly) modified proofs. To check exactly how 
proofs must be modified would be a cumbersome task. For example Proposition 
15.3.111 (ii) below would follow from the analogue of [BGR| Lemma 7.2.2.8 in the 
afEnoid case. But the proof of that Lemma in [BGR| uses much of that book. 
We will give a self-contained treatment, though we will quote some theorems from 
[BGRj when the proofs apply without modification. 

(iii) From the Strong Noetherian Property we see that Al^^ .^{K)° — Am,n{K) 
and AIj^,,^{K)°° = Am,n{K)° . It is easy to see that for / e Al^j^{K) we have 
/ e AljKr if and only if |/-(a,6)| < 1 for aU (a, 5) e x (K^f^r, 

which is the case if, and only if, ||/|| < 1, and that / e Aj^ if, and only if, 

\na,b)\ < 1 for all (a, 5) G (A'°,g)" x which is the case if, and only if, 

fe{K°°,p)A^,4Kr. 

From Theorem 14 . 5 . 71 we know that the rings Am,o{K) and Ao^niK) have Weier- 
strass Preparation, are closed under Weierstrass changes of variables, and (from 
the Strong Noetherian Property) have the property that for any 7^ / G Am_o{K) 
(or Ao^n{K)), there is an a G if such that af G Am.o{K) (or Ao^n{K)) satisfies 
||a/|| = 1 and is preregular (and hence after a Weierstrass change of variables, 
regular) of some degree. 

Proposition 5.2.5. The Riickert Theory of |BGR| sections 5.2.5 and 5.2.6 applies 
to the rings AJ„ q {K) and to the rings ^(Tf ). Hence these rings are Noetherian, 
factorial and normal ( integrally closed in their fields of fractions.) 

Proof. The proofs of [BGR] apply. □ 

From the strong Noetherian Property and Weierstrass Preparation we have (cf. 
[BGR] Corollary 6.1.2.2) 

Proposition 5.2.6. (Normalization) (i) Let J he an ideal in A\^f^. There is a 
nonnegative integer d and a finite monomorphism 

Al^{K) ^ Al^,{K)/J. 

(ii) Let J be an ideal in Aq .^ . There is a nonnegative integer d and a finite 
monomorphism 

Al,{K)^AljK)/J. 

As in |BGR| section 7.1.2 we obtain 

Proposition 5.2.7. The rings AI^q{K) and A\ ^{K) satisfy the Nullstellensatz. 
There is a one-to-one correspondence between the maximal ideals of A\-^ q (resp. „) 
and the orbits of {K"^^)™ (resp. (Kaig)"^) ^^der the Galois group of Kaig over K . 

Remark 5.2.8 (Norms). Let J be an ideal in A\^ ni^)- Then the elements oi A}^ „/J 
define functions on V{J) = {x G {K°ig)'"^iK'ig)" ■ fi^) = for aU / G J}. Since 
the proof of [LL2j or [LR2j (see also |LR3| . Theorem 5.2) shows that Kaig admits 
quantifier elimination in the language with function symbols for the elements of 
S = Umn^m.ni ^cc that the suprcmum seminorm on V{J), \\ ■ ||sup is well 
defined and takes values in \Kaig\ (where ||/||sup for / G ^j„_„/J is defined as the 
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supremum over all x in V{J) of the |/(a;)|). If A\^-^ „/J is reduced then || • \\sup is a 
norm. The residue norm || • || j on A|,j „/J is well defined in the standard examples 
(where ||/||,7 is defined as the infimum of the gauss-norms of all representatives of 
/ in „). We don't know if our assumption on S are sufficient to guarantee that 
residue norms are always defined and, if J is reduced, equivalent to the supremum 
norm. However, the notation of Definition 15.2.11 always makes sense, even if the 
residue norm is not defined. Clearly, for / e A\^ „, the supremum norm of / equals 
the gauss- norm of /. 

Remark 5.2.9. Normalization fails in general for ideals J C A\^ „(^) when m, n > 
(cf. [LRlj Example 2.3.5.) It is likely that the standard properties (the NuUstel- 
lensatz, unique factorization, etc.) could be established for these rings by adapting 
the proofs of |LR1| . This could be quite nontrivial to carry out and is not needed 
for the results of this paper. 

Definition 5.2.10. With the notation from Definition 15.2.31 we shall call / S 

0^(J)(= Aj^j „/J) power hounded if |/'^(a;)| < 1 for all x G V{J) and we shaU 
call / topologically nilpotent if |/°'(a::)| < 1 for all x e V{J). We shall say that 
/ G 0'^{y{jy) is strongly power hounded if / satisfies 

r = A^r-^ + A2r-'' + --. + Ar, 

where for each i there is an aj G Ajn,n{K) such that a, G A^ -|- J, with Ai in 
A]^ n{K). We say that / is strongly topologically nilpotent if the G Am^n{K)° — 
{K°° , p)Am,n{K). We call f (strongly) power bounded or (strongly) topologically 
nilpotent if / is. 

Remark 5.2.11. Observe that / G Al^ jK) is power bounded if and only if / G 
Am,n{K) and / is topologically nilpotent if and only if / G Am,n{K)° . Since we 
allow K to have rank > 1, it is possible that there are a,l3 G K with 1 < \a\ and 
|q;"| < |/3| for all n G N. By our definition a is not power bounded. 

We have 

Proposition 5.2.12. i^ |BGR| Proposition 3.8.1.7) Let B A he an integral 
torsion free K-algehra monomorphism between two K-algehras A and B , where B 
is an integrally closed integral domain. Then one has 

(a) l/lsup = max |6j|sup for f e A where 

l<i<n 

r + $(6i)/"-i + ... + $(6„) = 
is the (unique) integral equation of minimal degree for f over ^{B). 

(b) In the case that B = A]^ q, or _B = „, if f is power bounded, then f is strongly 
power bounded and if f is topologically nilpotent, then f is strongly topologically 
nilpotent. 

Proposition 5.2.13. Let (p be a domain formula and let fi, . . . , fM, <?i, • ■ • , gN, h G 
Ol^{(p) and suppose that h is a unit in Ol^{(p), each ^ is strongly power bounded and 
each ^ is strongly topologically nilpotent. Let ip — f ^ \ fi\ < \h\ A /\^-^ \gj \ < 
\h\. Then0U^)^0Uv). 
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Proof. [BGR] Proposition 6.1.4.3 or jLRlj Proposition 5.3.2. □ 

From Propositions l5.2.5ll5.2.6l[5.2.12l and l5.2.13l we have the following Corollary. 
In Corollary 1 5 . 2 . 1 41 we prove a similar result for all if-annuli. 

Corollary 5.2.14. // ip is an open or a closed domain formula then OK{'f) = 
OKiplip) - i-e. Ok{^) depends only on the domain Utp and not on the particular 
description ip. 

Remark 5.2.15. In case 2 of the proof of Proposition 15.3.21 we shall use annuli or 
discs of radius > 1 and their associated rings. To give an example of such a disc, 
if a e , \a\ > 1, the annulus formula ip := {\x\ < \a\) A (ei < |pi(x)|) defines the 
annulus — {x £ Kaig. ^{x)} and generalized ring of fractions 

Here |ai| — e^^ £ \K\. It is clear that 

OU^) oUei < bi(.T)|) = 0U\x\ < 1 A ei < \piix)\) 

by pi 1^ . In this example ip is an open annulus formula, U^p is open and Propo- 
sitions [5X3 [SXHl [5X3 [5XT2] and Corollary [5XT3 apply to the rings Ol^{ip) and 
O-kiif). 

5.3. General X-annuli, part 1. In this subsection we prove some preliminary 
results about A'-annuli. 

Proposition 5.3.1. Let 

L 

ip := \po{x)\nQ£o A f\ eiUi\pi{x)\, 

4=1 

he a good annulus formula and suppose that P{x) G K° [x] is monic and irreducible 
and that a e IAk{^) is a zero of P{x). Let f G ©^^((ys) and suppose that {a) — 0. 
Then there is a g G Ol^{ip) such that f{x) — P{x) ■ g{x), i.e. P{x) divides f{x) in 

Proof. We may suppose that 

^ \ ao J \pi(xy^J \pn[xY'' J 

where the hi,{x) are of degrees < ^odeg(po). Let Qo G iir°[x] be the minimal poly- 
nomial of ^° , and let Qi be the minimal polynomial of — , for i = 1, • • • , n. 

o-o {a) 

Then each Qi is regular in the appropriate sense for a variable corresponding to the 
inequality Di, and by Weierstrass Division 



fix) - R{x) + 90 ■ Qo (^^) +T.9^-Q 
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where R{x) is a rational function in K{x) whose denominator is a product of powers 
ofthepi(x),i = 1, - • • ,n. Let R{x) = r{x) mod P{x) where G K[x] has degree 
< deg(P) and note that 

^Poixf 
ao 

and, for i = 1, ■ ■ ■ ,n, that 

^'(^V)=0 modP(a;) 

\pi yX) / 

in Thus we have written 

fix)=rix)+gix)-P{x) 
where g{x) G Ol({(p) and deg(r) < deg(P). Then r{a) — and hence r{x) =0. □ 
Proposition 5.3.2. // ip and ip are K-annulus formulas and U^p C then 



Proof. Let 



n 

^ = p'^{x)U',e'^A f\e',a,pr{x). 



i=l 



By CoroUary 15.2.131 it is enough to show: if Dq is < then is strongly power 

bounded in ©^^((ys); if Dg is < then is strongly topologically nilpotent in 0^(93); 

if is < then is strongly power bounded in C']^((^); and if \3[ is < then -2^ is 

Pi ' Pi ' 

strongly topologically nilpotent in (<^) . We will check some of these cases and 
leave the rest to the reader. 

Case 1. Do is <. Consider (fo := \po{x)\ < eq. Then Ol^{ifo) = ^2,o/(Po°(6) - 
ao?7i). (Here Ioq"] — Eq.) Since Poi^i) G K°[x] is monic and |ao| < 1, Ol^{(po) 
is a finite extension of A\ g (in the variable 771) and hence Pg(Ci) is integral over 

A\ q. If Dg is < then ° is power bounded and hence, by Proposition 1 5 . 2 . 12l 

strongly power bounded in Ol^{Lpo) C Ol^{(p); and if Dg is < then ° is topolog- 
ically nilpotent and hence, by Proposition 15 . 2 . l"2l strongly topologically nilpotent 
in Ol^{(po) C Ol^{ip). The result follows from Corollary 

Case 2. Di is < and the "K-hole" Ti'i — {x: \p'i{x)[2ie'i\ is contained in the 
"K-hole" Hi = {x: \pi{x) < e[}. Let a £ K, 1 < \a\ and consider the annulus 
formula (cf. Remark [5.2. 15p ipi := {\x\ < \a\) A (ei < |pi(a;)|). Then, using that 

Remark, 0\^{lpi) C 0\f{(p) and (pi is open. Hence by Proposition 15.2.71 is a 

unit in Ol^{ipi) and thus also in O]^ ((/?). Thus G Ol^{pi), which is topologically 

Pi ^ 

nilpotent, is strongly topologically nilpotent by Proposition 1 5 . 2 . 1 2l 
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The other cases are similar. □ 

From Proposition 15.3.^ we have 

Corollary 5.3.3. If (p is a K-annulus formula then ©^^((/s) depends only on the 
underlying K-annulus and not on the particular presentation. If tp, ^ are two 
K-annulus formulas andlAip C then Ol^{U^) C 0\^{U,^). 

The following Proposition is a special case of Corollary 15.3.31 The proof in the 
linear case is direct and does not use Proposition l5.3.2( so we include it as a concrete 
example. 

Proposition 5.3.4. For a linear annulus formula ip, 0\f{ip) depends only on lAip 
and not on the particular description ip. 

Proof. If Q!q is another center of the disc {x: \x — aolDoEo} then — + 

^a:^ and ^a:^ < 1 if Dq is <, and ^^n^ < 1 if Dq is <. Similarly for a hole 
\x: eiDija; — aij}, if ocy is another center then we have 

gj £i gi A _ a'l - 

X — o!-^ (x — ai) + {a\ — a^) x — a\\ x — a\ I 

If Di is < then \a'^ — ai| < gi and if Di is < then \o'^ — ail < gi- Q 

The following Lemma is a small extension of [CLRlj . Lemma 3.11. 
Lemma 5.3.5. Every K-annulus is a finite union of 
(i) thin K-annuli with good descriptions of the form 

n 

\pq{x)\ < go a £o < \pq{x)\ ^ f\e^< \p^{x)\, 

i=2 

ill) Simple Laurent K-annuli (cf. Definition \5.1.6\) (with good descriptions of 

the form \po{x)\ < Eq A ei < \pi{x)\), and 
(iii) Open K -discs (with good descriptions of the form \pq{x)\ < Eq.) 

Next we prove Mittag-Lefher type decompositions for iiT-annuli of some special 
types, namely discs fLemma 15.3.61) and thin annuli (Lemma 15. 3. 7[) . 

Lemma 5.3.6. LetlA he a K-disc and let f 0\^{U). Then there is a unique 
monic polynomial P(x) £ K[x] and strong unit E G O]^ (Z/^) such that f — P{x) ■ E. 
In particular, the mapping f ^ in injective. 

Proof. The case of a linear _fC-disc is immediate by Weierstrass Preparation, since 
in that case f = J2 '^4(^7^)* with the constants. 

For U an arbitrary A'-disc we write by Weierstrass Division 

i 

where the Ui have degrees < deg(p(a;)) and hence are either zero or strong units on 
U. Considering / on each of the i^ajg-discs into which decomposes, we see that 
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ll/IUup = niaxi{||ai||stip}. Hence / i— )■ /'^ is injective and from the linear case we 
see that has only finitely many zeros. The result now follows from Proposition 
15.3. II and the NuUstellensatz [F. 2 . 71 A unit on a disc is necessarily a strong unit. □ 

Lemma 5.3.7. IfU^ is a thin K-annulus described by a good K-annulus formula 

n 

^ := bo(a;)| < £0 A £o < \pt){x)\ A /\ < 

and 7^ / G Oj^ (Z-/;^ ) , there is a monic P{x) G K[x\ all of whose zeros lie in lA^p, a 
strong unit E G 0\^^{lAip) and integers Ui such that 

n 

(5.1) f = P{x)-l[Mx)"'-E. 

i=l 

Furthermore, this representation is unique. The mapping f ^ is injective. 
Proof. Write 

where v' — {1^2 , . . . , i^n) is a multi-index and = {^Y^ ' ' ' i^r)""' ■ (We are 

implicitly assuming that G \K\ — {0}. The general case, with £i > 1 is only 
notationally more cumbersome. We are also abusing notation by using for both 
an element of \K\ and an element of K of that size.) Let p{x) := 11"=! ^'«(^)' 
e := nr=i ^^'^ ^ ■~ Sr=i '^j' where is the degree of Pi{x). (We are taking 
pi{x) = pd{x) and ei = Eq-) 

Observe that is also defined by the condition \p{x)\ = e and that p(x) G if 
is monic. (Outside the isT-disc {x : \pq(x)\ < Eq} we have \p{x)\ > e and in the holes 
of Uip we have \p{x)\ < e.) Hence, by Proposition 15.3.21 (in fact a small extension 
to the case that ip is presented by \p{x)\ — e) we have that 

ij 

Dividing ^ flijCo^i by p{x) — e^Oj which is regular in x of degree N, we may assume 
that the Uij (x) all have degrees < N. 

This representation is far from canonical because of the terms i^^^Yij^y- 
If our Weierstrass system were strong (cf. Section 15. 6p we could work with the 
canonical representation / — fi{x, |) + ^f2{x, |), with coefficients of degrees less 
than N. The proof is much easier in this case - see Remark 15.3.91 below. In the 
absence of the strongness assumption, we proceed as follows to get a canonical 
representation. We have 

/ = ^ aij{x)Co£.i modulo (e^o - p(x), ^ip{x) - e). 

Doing Weierstrass division by ^oCi — 1 in the variables ^0 ^^nd ^0 ~ "^i (i-e. writing 
V ■= so ^1 = r; + ^0 and ^ = £.0 + ^oV - ^, which is regular in ^0 of 
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degree 2) we obtain 

/ = ^ 6, (x) (Co - 6 + ^0 5] Q (x) (eo - 6 

i, i 

modulo (efo £,ip{x) — £o,£,a£,i — 1), where the bi and q have degrees less than 

A^. Next we observe that for representations of this form 

|ly||s'(ip — ^^-^i, { II ^2 1 1 sixp 1 ||Ci||sup}i 

and that || • || s„p is a multiplicative norm. From the Strong Noetherian Property 
there are only finitely many "biggest" terms. Consider \bi{x){^^^ — ■^;^y\ and 

|cj(x)£^(£ji — ^;^y \ for X "just" outside the outer edge ofU^ and "just" inside 
the holes in U^p, and the fact that the degrees of the hi, Cj are < N, to see that there 
cannot be any cancellation among "biggest" terms. This proves injectivity. 

By the Strong Noetherian Property and CoroUarv 14. 5 . 91 we can write 

j (l+5,) + _)_^c.(x)(— -^j (1+5,) 

i<s i<s 

where the G O^(Z^). 
Let 

i<s i<s 

Then ||/(a;) - R{x)\\sup < ||-R||sup = ll/IUup, and hence, except on finitely many 
discs contained in U (around the zeros of R) we have for x E U (i.e. for all 
xeU\ U^-Wj) that \f{x) - R{x)\ < \ f{x)\ = |i?(x)| = ||/||,„p - ||i?||,„p. Clearly, 
f"' is not identically zero on any of these discs Uj . Hence, by Lemma 15.3.61 f"' has 
only finitely many zeros in these discs. Hence, / has only finitely many zeros and by 
Proposition 15 . 3 . II we may divide by a suitable polynomial P{x) G K[x] and reduce 
to the case that / has no zeros and hence, by the NuUstellensatz fProposition l5.2.7|) 
is a unit. Since a unit on a disc is a strong unit, we see that now |/(x)| — ||/||sup for 
all x E U. Hence R is also a unit, and we have that f = R-E for E a unit in Ok{1^)- 
Since \f{x) — R{x)\ < \f{x)\ for all x EU, E is a strong unit. Note that R{x) is a 
rational function with denominator of the form J^pi(x)'"*. The numerator has no 
zeros in U, since / is a unit. Let Q{x) be an irreducible factor of the numerator. 
If one of (and hence all of) the zeros of Q lies outside the disc {x : |po(2;)| < £o}, 
Q is a strong unit on U. If one of (and hence all of) the zeros of Q lies inside the 
hole {x : \pi{x)\ < Si}, then by iterated use of the following Lemma [5. 3. 81 there is a 
strong unit E' and an € € N such that Q{x) = {pi{x)Y ■ E', and this completes the 
proof of existence. Uniqueness follows from the observation that P is determined 
by the zeros of / and that Jli^'"' a strong unit only when = for all z. □ 

Lemma 5.3.8. Let \p{x)\ < e be a good description of a K-disc TL, and let P{x) E 
K°[x\ have all its zeros in Ti. Then there is a strong unit E on the annulus hi = 
{x : \p{x)\ — e} such that P{x) — p{x) ■ q{x) • E for some q{x) E K[x] of degree less 
than that of P{x). Indeed, the conclusion is true on the whole annulus U" = {x : 
\p{x)\>e}. 
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Proof. It is sufficient to consider P irreducible. By Euclidean division 

P{x) = p{x) ■ q{x) + r{x), 

where degree r{x) < degree p{x). Hence either r{x) = or r(x) is a strong unit on 
H. H is also described by |P(a:;)| < s' < e, since degP(a;) > degp{x). Let a be a 
zero oi p{x). Then e > e' > |P(a)| = [''(a)]. So < e', where || • ||stip-„ is the 

supremum norm on H. Hence also H^^llsupu <^ ^'j where || • \\supu is the supremum 
norm on U. Hence E := p(^^y!il(^^) is a strong unit onU, i.e. 

P{x) = [P{x) - r{x)]E 
= p{x)q{x)E. 

Since the final conclusion of the Lemma is not used, we leave its proof to the 
reader. □ 

Remark 5.3.9. As remarked in the proof of Lemma 1 5. 3. 71 the proof is simpler when 
the Weierstrass system is strong. In that case we have that / — fi(x, 7) + |/2(a;, |). 
Multiplying by s suitable power of - , dividing by a strong unit (and using the Strong 
Noetherian Property), we may assume that / is regular in ^, of degree s, say. Hence, 
by Weierstrass Preparation, multiplying by a strong unit i?, we are reduced to the 
case that E ■ p^ ■ f ~ fi{x, |). This case is the same as that of a disc, handled in 
Lemma 15.3.61 

We do not use the following 

Corollary 5.3.10. We showed above that whenlA is thin, and whenlA is a K -disc, 
the mapping f ^ for f G OilA) is injective. The similar result, with a similar 
proof, also holds for simple Laurent annuli. 

We include the following Proposition and its Corollary for completeness - we do 
not use it except in the proof of Theorem l5.6.5l The slightly weaker version of that 
theorem in which / is replaced by does not require Proposition 15.3.111 

Proposition 5.3.11. Let ip be a K-annulus formula, and let F be an algebraic 
extension of K over which all the polynomials in Lp split and containing the ai ( as 
above a^ — Si). Then 

(i) Ol^{ip) ^ 0\^{(p) ®K F is a faithfully fiat extension. 
• • t ^ t 

(ii) 0\{if>) ®K — © OpilAi) where the lAi are the linear Kaig annuli which 

i=l 

make up (see Lemma 5.2(ii)). 

Proof. Since Am,n{F) is an integral extension of Am,n{K), (i) is immediate. Part 
(ii) follows by induction and rescaling from the following Lemma. □ 

Lemma 5.3.12. Let g — Y\^^i{x — ai) G F[x\ and assume for alli,j that \ai\ = 1, 
\ai — aj\ = 1 if i ^ j and that on lA^, \g{x)\\I\e, where either □ is < and e < \ or 
□ zs < and e < 1. Then in 0'^p{Lp) (indeed in O^(iy9o) ) 

n 

5(6) - £zi = Yii^i - - /i») 
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where hi e A^ q or A\^i (according os □ is < or <). 

Proof. As above zi = ^^^^ is strongly power bounded (resp. topologically nilpo- 
tent). Consider the case that □ is <. The other case is similar. Let H be a new 
type 1 variable. By Taylor's theorem we have 

ig-ezi){ai+eH) ^ g{ai) ~ ezi + g'{ai)eH + ^ ^"^^ {eHf + ■ ■ ■ 
= ez^+g\ai)eH+^-^^{eHf + --- 
= e[z,+g\a,)H+^-^eH' + ---] 

observe that = 1, hence by Weierstrass Preparation there is an A G Opifo) 

such that 

(5 - £zi)(ai + sH) = g\a^)[H - A]Q. 
Then ai + eA is the required zero of 5 — ezi. □ 

5.4. Linear if— annuli. In this subsection we prove some basic results (in par- 
ticular Proposition I5.4.5P for linear i^-annuli. In subsequent subsections we will 
extend several of these results to general if-annuli. The following lemma, which is 
a special case of Lemma 15.3.61 is immediate by Weierstrass Preparation. 

Lemma 5.4.1. Let U be a linear K-disc and let f{x) e 0(U). There is a poly- 
nomial P{x) € K[x] all of whose zeros lie in lA and a strong unit E G 0{U) such 
that 

fix) = P{x)E{x). 

The case of a linear Laurent annulus is a little more complicated. 

Lemma 5.4.2. Let U be a linear Laurent K -annulus described by an annulus 
formula ei < |a; — a| < Sq and let 7^ f{x) G 0{U). There is a monic polynomial 
P(x) all of whose zeros lie inU, an n gN and a strong unit E £ 0{U) such that 

f = P{x){x-aYE. 

Proof. As in the proof of Lcmma l5.3.7i doing Weierstrass division by a;— a— eol'^j^); 
we may assume that 

where the of degree < 1, i.e. constants. Such a representation is again far 

from canonical - for example we could have f = (— )(^^)(-^) — )2 
which is actually the zero function. 

As in the proof of Lemma 15.3.71 (using the relation poPi — = instead of 
CoCi — 1 = 0) we can write 

^ — ' ^ £0 X — a/ en ^ £0 x — aJ 

where the bi, Ci are constants. 
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Using the Strong Noetherian Property, Theorem 14.2.151 and Corollarv l4.5.9p we 
see that there are only finitely many biggest bi and Ci. Among the biggest terms let 

those of lowest degrees in the two sums be and c,-^^(^^ —V. 

Of course, one may be missing. If i > j + I, after dividing by 6^, / is regular in 

of degree i. Similarly, if z < j + 1, after dividing by Cj, f is regular in 
of degree j + 1. If i ~ j + 1, after dividing by 6^, / is regular in of degree i. 
Hence we may assume that / is regular in either or -^^^z^- Assume that / is 
regular in ^j^- The other case is similar. By Weierstrass Preparation (multiplying 
by a strong unit) we may assume that / is actually a polynomial in ^^f^, of degree 
s, say. Hence / • = ^^'^ ^ second use of Weierstrass Preparation 

completes the proof. □ 



For linear almost thin annuli we have the following lemma. 

Lemma 5.4.3. Let hi he an almost thin linear K -annulus with annulus formula 
either 

n 

\x-aQ\ <s' A /\ \x-a,\ > e 

i=0 

where e' > e, the \ai\ > e and \ai — aj\ = e for i ^ j, or 

n n 

\x - aol > e A f\\x ~ ai\ < e' A f\\x - ai\ > e' 

i=0 1=1 

where e' > e, the \ai\ > e' and \ai — aj\ = e' for i ^ j. Let f e 0^{U) with f" ^ 0. 
There is an e" with e < e" < e' such that, denoting by hi" the almost thin annulus 
defined, respectively, by the annulus formula 

N 

\x — ao| < e" A l\^\x ~ ai\> e, 

1=0 

or 

n n 

\x - ao\ > e" A /\\x ~ Oil < e' A /\\x - a,| > e' 

i=0 i=l 

there is a monic polynomial P{x) all of whose zeros lie in the corresponding thin 
annulus hi" — hit fDefinition \5.1.S\f iii}} integers Ui and a strong unit E G 0^{hi") 
such that 

n 

f-y,^P{x)-l[{x-a,r^-E-. 

i=0 

The polynomial P, the integers Ui and the strong unit E are unique. 



Proof. By Lemma |5 . 1 . 81 the two cases are equivalent, so we need only consider the 
first case. Then the annulus U is also defined by the formula 

b(x)|>e"+i A b(:E)| 

where 



P{x) ■■= Y[{x - Oi). 



i=0 
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Hence, by Propositions 15.2. 12l and [572.131 or [5".3.2I and Weierstrass division, we can 
write 

1=0 j,k>0 ^ ^ ' 



where the a'--u E K° . Rescahng, we may assume that e' = 1, so 

i=0 3,k>o yp[.x}y 
where the a^fe G K° . As in the proof of Lemma [5.3.71 using the relations 

pn+l 

p{x) ■ — - = £" + 1 

p{x) 

(i.e. ^1 • $2 = »7 = + 6 and - rj^i - e"+i = 0) we have 



^ ^ / £■"■'1 -■- \ J ^ ^ / 



n oc n+1 ^ n+1 

= E ^1 E (p(^) + ^) ' + E (?'(^) + ^) ' 

n 

say. Without loss of generality we may assume ||/|| = 1, i.e. max{|ajj| , = 1. 

Case (i): some /i^, with \hi\ = 1 is regular in p(x), and hence also in x. Then 
f{x) is regular in x and by Weierstrass Preparation we can write 



Aix'^'^ H h A, 



^+1 



where each Aj is a power series in and [/ is a (strong) unit. Hence, by 

Euclidean division by pix) we are reduced to the case that 



J 



/(-) = EE«^.-^(^) 

There are finitely many terms that are biggest in the supremum norm on Ut, the 
corresponding thin annulus defined by 

n 

k — ao| < e A |a; — ai\ > e. 

i=0 

These occur for j < L, say. Since these terms are all of different degrees («— (n+l)j), 
< i < n, < j < L, there can be no cancellation in supremum norm, and exactly 
one of these terms will be biggest on an annulus U* defined by e"^-^ < \p{x)\ < 
^^i/yn+i j^Qj. gQjj^g e < e" < 1. Hence, shrinking e" if necessary, we may assume (i) 
that f{x) = R{x) + g{x) where R{x) is a rational function whose denominator is a 
power of p(a;), and (ii) that R{x) has all its zeros Pi in Ut, and (iii) that outside the 
open discs of radius e around the Pi we have |-R(a;)| > |5(a^)|- Applying Proposition 
15.3.11 we may further assume that / is a has no zeros in U" and hence is a strong 
unit on every disc contained in U" . Then R{x) is a unit and / • R^^ = 1 + R^^ ■ g is 
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a strong unit and the proof of existence is complete in this case. Uniqueness follows 
exactly as in the proof of Lemma 1 5 . 3 . 71 using Lemma l5.3.8l 

Case (ii): no hi with \\hi\\ = 1 is regular in p{x). Hence, as in the proof of 

+1 



Lemma [5.3 .71 all are "regular" in fjT^;?;-. Then the "biggest" terms in the supremum 

norm on Ut are all of the fori 
L € N and \aij\ = 1. Indeed, 



p{x) 



norm on Ut are all of the form UijX^ {^T~t)'' ''^ith < i < n and < j < L for some 



p{x) 



and hence none of the terms with > can be biggest. We now complete the 
argument as in case (i). □ 

Lemma 5.4.4. Let lA he a (necessarily linear) Kaig-annulus. Then either lA is 
thin, or there is a finite rigid (Definition \5.1.^) cover oj hi by Kaig-discs, almost 
thin Kaig-annuli and open Laurent Kaig-annuli Ui. Indeed, we can ensure that if 
each almost thin annulus 

n 

\x - ao\ < e' A /\\x - a^] > e 

i=0 

where e' > e, the \ai\ > e and \ai — aj\ = s for i ^ j, or 

n n 

|a; - aol > £ A f\\x - a.i\ < e' A f\ \x - a.i\ > e' 

1=0 1=1 

where e' > e, the \ai\ > e' and \ai — aj| = e' for i ^ j in the cover is replaced by a 
"thinner" annulus 

N 

\x — ao\ < e" A ^\x — Oil > e, 

i=0 

or 

n n 

\x - afi\> e" A f\\x - ai\ < e' A f\\x - a^\ > e' 

1=0 1=1 

respectively, for any e" with e < e" < e' , the resulting annuli still form a rigid cover 
ofU. 

Proof. The proof is an easy induction on the number of holes inU. □ 

Next we prove the Mittag-Leffler decomposition for analytic functions on Kaig- 
annuli. 

Proposition 5.4.5. Let hi be a Kaig~annulus and let {Ui} be the rigid cover ofU 
provided by Lemma \5.4-4\ Let f €U and assume that for each i we have the unique 
representation of f^lu- provided by Lemmas \5.4-l\5.J^ and \5.4.S\ Then, if ^ 0, 
f has a unique representation of the form 

n 

r = p{^) ■ - a^r- ■ 

i=0 

where P is a monic polynomial all of whose zeros lie in U, the are (preselected) 
centers of the holes in U, the e Z and E G 0(U) is a strong unit. 
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Proof. We paste together the representations provided by Lemmas 15.4.11 15.4.21 and 
15.4.31 for f^lui- Consider the case that Ui is an ahiiost thin annulus with annulus 
formula 

n n 

\x - > e h f\\x - a.i\ < e' f\ f\\x ~ a.i\ > e' 

1=0 i=l 

and IA2 is a Laurent annulus with annulus formula 

El < \x — a\ < e' 

and that ei < e < £■', so that U\ and Ui overlap. We may assume by Lemma [5.3.81 
that a — and that has no zeros in the annulus e < |a; — ao| < e'. Let 

n 

rk = Pi{x)-^{:x~a,r -El 

i=0 

rk = PA^)-(x-a^r -E-^. 

Then all the zeros of P2 lie in the hole — ao| < e oilA\ and by the uniqueness 
of the representations and Lemma 15.3.81 we have that tlq — m = degP2 and P2 (x) • 
(a; — ao)™""" is a strong unit on IA\. Hence 

n 

r Iwiuw. = Pi{x) ■ P2{x) ■ {x ~ ao)" • - ■ El. 

i=l 

The other cases are similar. □ 

5.5. General K anmiW, part 2. Now let U he a. (not necessarily linear) K- 
annulus, defined by a ii'-annulus formula ip, let hi = y^hlj be the decomposition of 
hi into (linear) i^Taig-annuli, and let / e Ok{'^)- After we have (arbitrarily) chosen 
a center aijk for each hole in hij corresponding to the inequality eini|pi(x)|, say a 
zero of Pi in that hole, by Proposition 15.4.51 the function , if it is nonzero, has a 
(unique) representation on each hij 

r\u,^PAx)-J\{x-a.,uT^^- -E^. 

i,k 

Here Pj € F[x] is monic with zeros only in hij and Ej is a strong unit in Op (hij). 
F is an algebraic extension of K containing the aijk. 

Note that for £ j the function Pg ■ Yli k{x — ai^k)"^^'' is a strong unit on hij. 
Take R := Iljl^j Yli fc(^~ '^«ife)"'^'°]- Then f ■ is a strong unit on e&chUj and 
hence a strong unit on hi^. Thus we have the decomposition 

(5.2) r = p{^) ■ n - "^j-fe)""' • 

where P G F[x\ is monic and has zeros only in U^, and the aijk are "centers" of the 
-F-holes in hi. Considering automorphisms of Kaig over K that permute the zeros 
of Pi we see that riijk = nijik' . 

By Proposition 15 .3 . II we see that P ^ K[x]. 

If K is of equicharacteristic zero, we may assume that each pi occurring in the 
definition of U^p has only one zero in each disc or hole. Indeed, taking the pi of 
lowest possbile degree (i.e. taking a good description of hi^) will ensure that, for 
if p has m > 1 zeros in each of its holes, say ai, . . . , am in one of the holes, then 
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(3 — :^{<3i + . . . + am) is also in that hole and the minimal polynomial of /3 will 
have lower degree than p. Hence in equicharacteristic zero we have in fact written 

i 

where P € K[x] is monic and has all its zeros in U^p the rii € 7j and E is a strong 
unit. The uniqueness of this representation follows from uniqueness in the linear 
case. Hence we have proved Theorem 15.5.21 in the equicharacteristic zero case. To 
obtain the similar result in the general (non-equicharacteristic-zero) case will take 
a little more work. 

Definition 5.5.1. Let U^p be an annulus and let / G 0{Uip). 

(i) We say that the thin annulus surrounds the hole Tii = {x: \pi{x)\ < Si} in 
U,^ if Hi is a hole of and U.^ C . 

(ii) We say that the thin annulus surrounds the hole — {x: \pi{x)\ < Si} 
in if = {x: \pi{x)\ = 6} C Uip, £i < 5 and / has no zeros in the annulus 
{x: Ei < \Pi[x)\ < 6} and no other hole ofUip is contained in the hole of U^. 

(iii) We say that the Laurent annulus surrounds the hole T-l[ = {x: \pi{x)\ < Ei} 
in Uip if U,p — {x: Si < \pi{x)\ < 6} C Li^p, £i < 5 and / has no zeros in the annulus 
{x: £i< \pi{x)\ < S} 

It is clear if U^p is a if-annulus that for each of the holes of U^p there is a thin K- 
annulus surrounding that hole, and if the hole is of the form Ti.'^ — {x: \pi{x)\ < Si} 
there is a Laurent annulus surrounding that hole in Ucp. We will complete the proof 
of Theorem 15.5.21 by comparing the representations we have obtained above for / 
on Uip but over F (equation 15. 2[) with the representations we have from Lemma 
15.3.71 for / on these thin annuli surrounding the holes oiU^. 

Theorem 5.5.2. (Mittag-Lejfler Decomposition. ) Let 

n 

if := |po(a;)Po£o A f\ eiOilpiix)] 

i=l 

be a good K -annulus formula and let f E 0\^{lp). Then, if ^ 0, there exist 
a monic polynomial P{x) with zeros only in hiip, integers Ui and a strong unit 
E e (<p) such that 

n 

(5.3) ^ P{x) -Wp^ix^ ■ E\ 

i=l 

P, E and the Ui are uniquely determined by f ( and Lp ). 

Proof. We already observed that P E K[x\. We have to show that 

\{{x - a^jkr^'^ ■ E^ 

can be written in the form 

n 

l[p.{xr ■ {E'r- 

i=l 
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Hence, we need to see, in the notation of equation l5.2l that riijk is a multiple of the 
number of zeros that pi has in each hole in each Uj . But this follows by comparing 
the representation [STU with the representations (|5.ip that come (via Lemma [5. 3 .Tp 
from the thin annuli surrounding the holes as in Definition 15.5.11 Finally, observe 
that if Pi has £ zeros a = • • • , in a hole, then {x — aY — 111=1 ~ Pk) • E' 
for some strong unit E' . 

Uniqueness of the representation [5731 follows from the observations that P{x) is 
determined by the zeros of / and that YVi^i Pii^)"^ ^ strong unit only when 
rii — for all i. □ 



The following Theorem is what we need for model-theoretic applications. 

Theorem 5.5.3. Let K be a valued field with separated analytic A-structure, and let 
^A{K) be the language of valued fields, (0, 1, +, •, (•)^^, | • |), augmented with function 
symbols for all the elements o/lJ„j „ Am,n{K)- (We extend functions f G Am.niK) 
by zero outside {K°)"^ x (K°°y^.) Let x be one variable, and let t{x) be a term 
of . There is a finite set S C Kaig '^'^'^ ^ finite cover of K°ig by K -annuli 

lAi such that for each i there is rational function Ri £ K{x) and a strong unit 
Ei e Ol^{U^) with 

t\u,\s = Ri ■ Ei\u^\s 
i.e. T and R ■ Ei define the same function on Ui \ S. Observe that Kaig also has 
analytic A{K)- structure (Theorem \4-.5.li\ l, t is also a term of Cj^^k^i ) '^^'^ hence 
defines a function K°ig ^aig ■ 

Proof. This is proved by induction on terms (cf. [CLRl] Theorem 5.1.) First 
consider 

t(x) = f{Tl{x), ■ ■ ■ ,Tm+n{x)), 

where / £ Am,nil^)- Then, by induction, we may assume that we have restricted 
to a iC-annulus U, and that there are rational functions Rj and strong units Ej £ 
0\^{U) such that for each j 

Tj\u = Rj ■ EJ\u- 

(We ignore the finite set S.) By Lemma 15.1.91 we can cover U with finitely many 
iC-annuli Ui such that on each for each 1 < j < m, \Rj{x)Ej{x)\ < 1 for all 
X £ U[ or \Rj{x)Ej{x)\ > 1 for all x £ U-; and for each m + l<i<m + n, 
\Rjix)Ej{x)\ < 1 for all x £ U[ or \Rj{x)Ej{x)\ > 1 for all x £ U^. Then on eachZ^,' 
there is an /j £ 0\^{UI) that defines the same function as r, and the result follows 
from Theorem 15.5.21 and induction. 

Next consider t{x) = ^|fj- As above we may assume that on U we have Ti\n\g = 
R, ■ E^\u\s for I = 1,2. Then t{x)\u\s = Ri ■ i?^' • Ei ■ E^\ 
The case t{x) = ti{x) ■ T2{x) is similar. 

Finally consider t{x) — ti{x) + T2{x) on an annulus U. Breaking into sub- 
annuli it is sufficient to consider the case that |Ti(a;)| > l''"2(a;)| for all x £U. Write 
T = Ti(l + ^). Since |Ti(a;)| > |T2(a;)| for all x £ U, follows from Theorem 15.5.21 
that if Ti is not identically zero, then ^ £ 0{U). Hence, also 1 + ^ € 0{U), and 
the result follows from the previous case. □ 
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Remark 5.5.4. With the notation from Rcmark l4.5.81 Theorem 15 . 5 . 31 also holds for 
.4(/'ir')-terms, in which case the rational functions can be taken over K' and the 
annuli are K'-animli. 

Remark 5.5.5. The following statement (A Piecewise Mittag-LefHer Theorem) which 
is weaker than Theorem 15.5.21 suffices for the application Theorem 15.5.31 

Let lA be a K-annulus, f G 0\^{U). There is a finite cover of U by (thin and 
Laurent) K-annuli and open K-discs hii such that for each i there are polynomials 
Pi e /^[x], integers Uij and strong units Ei G O'^j^iJAi) such that 

■rii 

where the pij are the polynomials occurring in a good description ofUi. 

The proof is easier than that of the full Mittag-Leffler Theorem fTheorem l5.5.2l) . 
It is easy to see that there is a cover (not necessarily rigid) oiU by thin and Laurent 
annuli and discs. The thin annuli are handled by Lemma 15.3.71 Linear Laurent 
annuli can be handled using the canonical representation 

/(.) = E««(^ - -^Y + (^) E^^(^ - -^Y 

^-^ \ En x — ol) V en ' ^-^ ^ So x — al 

i i 

where the ai,bi G K° . The result for Laurent X-annuli then follows as in the proof 
of Theorem 15.5.21 by comparing representations on thin iiT-annuli surrounding the 
holes. Discs are handled in Lemma [5.3.61 

5.6. Strong Weierstrass systems. By imposing extra axioms on the Weierstrass 
system, we can obtain stronger results than those of the previous section, and 
also prove some of the results of the previous section more easily and in a more 
elementary way. We do not need these results for the model-theoretic applications 
in Section [51 but we present them here for completeness. Most of the examples of 
Weierstrass systems given in 14.41 satisfv these additional axioms. 

Definition 5.6.1. We call a separated Weierstrass system {A^ „} a strong sepa- 
rated Weierstrass system if it satisfies the following five conditions: 

(i) If f{^,Vi,V2,p) e Am+2,n, there are Ci, C2, p), /2(f, '72, Ci, C2, p) and 
^(C, '71: '72, Ci, C2, p) e An+4,n such that 

f{^,Vl,V2,p) = fl{£„Vl,Cl,C2,p) + f2{^,V2,Cl,C2,p) + 

+ Q ■ (»7l'72 - Cl'71 - C2'/2). 

(ii) If Ai,A2) G A„i.n+2, there are p, Ai, n, r2), /2(C, P, A2, n, T2) 
and Q{^, p, Ai, A2, n, T2) G Am,n+4 such that 

/(C,P, Ai, A2) = /i(C,p, Ai,Ti,r2) + /2(C,P, A2,Ti,r2) + 

+ Q • (A1A2 - TiAi - r2A2). 

(iii) If /(^,?7i,p, Ai) G Am+i,n+i, there are r/i, Ci, P, n), /2(C, Ci, P, Ai, n) 
and Q{^, 771, Ci, P, Ai, n) G Am+2,n+2 such that 

/(C,'7i,P, Ai) = /i(^,?7i,Ci,P,Ti) + /2(C,Ci,P, Ai,ri) + 

+ Q • ('?iAi - Tijyi - CiAi). 
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(iv) If f{S.,Vi,V2,p) e Am+2,n, there are fi{£.,m,V3, p), f2{LV2,V3,p) and 
Q(f,»7i,»72,?73,p) e Am+3,n such that 

f{i,Vl,V2,P)^fl{£.,Vl,V3,P) + ?72/2(C,?72,7?3,p) + 



(v) If Ai,A2) e A,i,n+2, there are /i(^, p, Ai, A3), /2(C, P, A2, A3) and 

(3(^, p, Ai, A2, A3) e A„,„+3 such that 



We call a strictly convergent Weierstrass system {Am} a strong strictly conver- 
gent Weierstrass system if it satisfies properties (i) and (iv) with n = 0. 

Remark 5.6.2. The conditions of Definition 15.6.11 ensure that we can perform the 
formal operations on the power series in Am,n that are needed in this subsection. 
For example, parts (iv) and (v) allow us to write f{X,X~^) = fi[X) + f2{X^^). 
Other parts will be used (suppressing extraneous variables) to allow us to use 
a relation of the form XY = aX + 6F, where a and h are constants, to write 
f{X,Y) = fi{X) + f2iX)- This is what we need for partial fractions expansions. 
These conditions are not automatically satisfied for Weierstrass systems, see Ex- 
ample |43t9), though they are satisfied by most of the natural examples (and are a 
consequence of completeness). 

For the rest of this subsection we assume that the field K has strong separated 
analytic ^-structure, and hence strong separated analytic ^(ii')-structurc, coming 
from a strong separated Weierstrass system A — {Am,n]- 

We will first reprove the basic Mittag-Leffler decomposition for linear annuli 
fTheorem l5.6.3n We give this proof in the "strong" case as it is much simpler than 
the proof given above when A is not necessarily strong. 

Let (/3 be a linear X-annulus formula, and let / G Oj^, ((^) . Then 



(Recall the slight abuse of notation about e above Lemma [5.1.2l ) Doing Weierstrass 
Division by a; — ao — £o( ^~"° ) we may assume that the are constants (i.e. of 
degree 0). Next we observe that we can write 



To see this, notice that by Weierstrass Division by a; — ao ~ £o[ ^ + °^^^"° ] we 
can write 



+ Q ■ {viV2 - m)- 



/(e,p,Ai,A2) =/i(e,p,Ai,A3) + A2/2(e,P,A2,A3) + 

+ Q-(AiA2-A3). 



'-^ \ eo ' \x — OL\J \x — an' 





and using Definition I5.6.1f iv) (see Remark I5.6.2p , we can write g as 
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and we may proceed by induction. Finally we use the observation that for i ^ j 

£i A B 

i — = 1 

where A = ^^^'^ and B = -£il2_, We have \ai —a2\ > kil, |£2l, and if at least one 

OLI—CX2 a2—ai I I — I -L p I 

of the holes is "open" (i.e. defined by a strict inequality) then \ai — a2\ > |ei|, |e2|- 
Now Definition 15.6.11 parts (i)-(iii) (see Remark 15.6.2^ allow us to carry out the 
partial fractions expansion term by term to write 

/ = /o(^^) + + • • • + .fn{^^)- 

Eq X — ai X — an 

By convention we put the constant term in /o, so /i(oo) — ■ ■ ■ = /„(cx)) = 0. The 
uniqueness of this expansion is then proved exactly as in [FP Proposition 2.2.6. 
This establishes the first part of the following 

Theorem 5.6.3. (Mittag-Leffier Theorem for linear annuli) Let ip be a linear K- 
annulus formula, and let / G 0]^-((^). Then 

(i) there is a unique fo G 0\^{\x — aolDoEo); unique fi G 0^p^{£i[2i\x — ai\) 
without constant terms, such that 

/ = /o + • • • + /„, 

(ii) if f ^ there is a unique rational function R of the form P{x) {x — ai)"'\ 
where P{x) is a monic polynomial all of whose zeros are in Ldp and the Ui £ Z, and 
a unique strong unit E G C'j^,((^) such that 

f = R-E. 

Proof, (cf. |DHMj .) We must prove part (ii). By part (i) we may assume that 

n 
l—l 

or more precisely that 

11 

f = fo{zo) + E fi{zi) modulo {x - - £o^o, • ■ • , Zn{x - a„) - e„) 

i=l 

where each Zi is either a ^ or a p variable, and 

oo n 
/o(zo) = = 

First we prove existence. 

We proceed by induction on n, the number of nonzero fi, i > 1. If rt 0, 
applying the Strong Noetherian Property and multiplying by a constant, we may 
assume that /o is regular. Hence, after multiplying by a strong unit we may assume 
that /o is a polynomial. In the case that n > 0, by using the Strong Noetherian 
Property and after multiplying by a constant, we may assume that / is regular 
in Zi of degree TV say for some z > 0. If « = 0, we may assume after multiplying 
by a strong unit that fo is a polynomial. Rewrite fo as a polynomial in 
and multiply by ( ^~"^ to reduce to the case that fo is 0. Hence we need only 
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consider the case i > 0. Apply Weierstrass Preparation to multiply by a strong unit 
and reduce to the case that / is a polynomial of degree N, say in ^f'^. . Multiplying 
by ( ^~"' )^ (or and using part (i) reduces n. Hence we have written / in the 

form 

n 
i=l 

where E is a, strong unit. 

Next we show that if P{x) is irreducible and has no zeros in the disc {x: \x ~ 
aolDoeo} then P{x) is a strong unit. We may make a change of variable so that 
tto = and Eq = 1- We may assume that P{x) = UmX^ + am_ix™^^+, • • • , oq. If 
□o is < then all the zeros of P{x) are > 1 and hence |ao| > \ai\ for i — 1, • • • , m. 
Thus a^^Pix) is a very strong unit (Definition 15.1. 4p . as it is regular of degree 0. 
If Do is < then all the zeros of P{x) are > 1 and, since |a;| < 1 (i.e. is a p variable) 
we again see that a^^Pix) is a very strong unit. Next we observe (cf. Proposition 
15.3. 4[) that if P is irreducible and has one of (and hence all of) its zeros in the hole 
{x ■.\x — QilDiEi}, and P has degree £, then P ■ {x — ai)~^ is a strong unit. Finally, 
to prove uniqueness we must see that the only time that an expression of the form 
P{x) ■ nr=i('^ ~ cki)"' with all zeros of P lying in U, is a strong unit is when P(x) 
is a constant and = for all i. We may assume that ap = 0, eo = 1- Again 
considering the two cases Dq is < and Dq is < separately, this is clear. 

□ 

The following is an immediate consequence of the Mittag-Leffler Theorem for 
linear annuli, Theorem 15.6.31 

Corollary 5.6.4. // Li is a linear K -annulus then 0\^{U) is a principal ideal 
domain and 0\.{U) ~ 0]^{U). 

Proof. Using the notation of Theorem 15.6.31 exactly as in ^FP] Proposition 2.2.6, 
one has that ||/||sup = maxi \\fi\\sup, and ||/i|| = ||/i||sup. □ 

The full Mittag-Leffler Theorem in the strong case is: 
Theorem 5.6.5. If ip is a good K-annulus formula and f G 0\{ip) Then: 

(i) there are unique 

(5.4) /o = I]jlo "Oj(a;)(^^)-' with degree Oi-j < degree 

(5.5) /i = Z^jli «y (2;)(^^)-' with degree a,j < degree pi 
such that 

/ = /o + /i + ... + ./«. 

(This type of decomposition can fail to exist if the Weierstrass system is not strong, 
for example, in the structure described in \4-.4\ (9) above). 

(ii) there is a unique representation of the form 

f{x)^P{x)-\{p,{xr -E, 
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where P{x) is a monic polynomial all of whose zeros are in U^p, the rii e Z, and 
E £ Ol^{(p) is a strong unit. 

Proof. As observed in Corollarv l5.6.41 from the representation in (i) it follows easily 
that the mapping / i—s- /'^ is injective. Then (ii) follows from the linear case (The- 
orem I5.6.3|) exactly as in the proof Theorem 15.5.21 by considering thin or Laurent 
annuli surrounding the holes. Recall fRemark l5.3.9p that the proof of Lemma [5. 3. 71 
is much easier in the strong case. 

We outline the proof of (i) . If 7i ^ is a hole of the form |pi (x) | < Si in Uk (<p) , then 
considering / on a Laurent annulus = {x £ Kaig : et < \pi{x)\ < Si} surrounding 
this hole, gives 

with the bjk{x) of degrees < the degree of Pi{x), which, using Definition 15.6. II and 
the relation — = x-, can be rewritten as 

Pi Oi Oi ' 



/k =^ay(2:)(— ^) +Y,a[^{x) 
Take/. 

If Tii is a hole of the form |pi(a;)| < £i in UKi^^), consider a thin i^T-annulus Ui 
surrounding Hi. On Ui f has a representation 



Use a relation of the form 



A{x)—^+B{x)- 



Pi{x)pj{x) pi{x) pjix) 

where the degree of B is less than the degree of pj , the degree of A is less than the 
degree of pi and A and B have supremum norm < 1 on Z^^, to separate the terms 
— ^ from — ^fr- Use the relation ( — t-t ) ( ^^^-^ ) = 1 to separate the terms — and 
Eiiml^ Then we have written 

f = f^+9 

where fi — J2 '^»j(^)( p'^('a) "^ith the degrees of the Oij less than the degree of pi, 

and 5 = X]afei^'(2;)(^7p) (^p|jy) , where i^' = (i^i, ... z^„). Use a 

thin or Laurent annulus at the "outer" edge ofU to obtain fo. 

Finally, considering / — (/o + /i + ■ ■ • + /«) on the linear iCa/g-annuli into which 
U decomposes over Kaig, using part (i) of Theorem 15.6.31 we see that ||/ — (/o + 
/i + ■ • • + fn)\\sup — 0. The result now follows from Proposition 15 . 3 . iTT il . □ 

Corollary 5.6.6. If U is a K -annulus then 0^^{lA) is a principal ideal domain 
and Ol^iU) ~ O^j^iU). 
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6. Cell decomposition 

In this section, a cell decomposition, as a consequence of 6- minimality, is obtained 
for analytic structures on Henselian valued fields of section IH see Remark 16.3.171 
The history of cell decomposition for Henselian fields goes back to Cohen [Co] and 
Denef [Dlj . [D2j for the algebraic case, generalized by Pas [Pasl| . [Pas2| to more 
general Henselian fields, and by the authors to analytic expansions [C], [CLRlj . 
suited for p-adic integration. The definitions of cells and cell decomposition have 
been simplified in [CLj and put in an axiomatic framework in jCLbj . In [CLj , cell 
decomposition is used to define motivic integrals; historically, cell decomposition 
has been used to calculate many types of p-adic integrals [Dlj . [Pasl| . In this section 
we generalize the cell decomposition of jCLRlj to the generality of this paper, using 
the axiomatic formulation of [CCb] . We also establish "preservation of balls" and 
the "Jacobian property" for these structures, notions useful for change of variables 
formulas for integrals. In this section we shall use the additively written order ord 
as well as the multiplicative norm | • |. 

6.1. The semialgebraic language. Let Hen be the collection of all Henselian 
valued fields of characteristic zero (hence mixed characteristic and equicharacteristic 
zero fields are included). 

For K in Hen, write K° for the valuation ring, T k for the value group, ord : 
^ Tk for the (additively written) valuation, Mk or K°° for the maximal ideal 
of K°, and K for the residue field. 

For any integer n > 0, write 

rvn ■■ K"" K^'/I + hMk 

for the natural group morphism, with uMk — {nni \ m G Mk}, and extend it to 
a map rw„ : K {K^ /I + nMx) U {0} by sending zero to zero. Write RVn, or 
RVn{K), for {K'^ /l + nMK)U{0} for integers n > 0. Write also ord for the natural 
maps ord : iiT^/l + nMx ^k- We sometimes abbreviate rvi to rv and RVi to 
RV. Note that in equicharacteristic zero the RVn all are the same as RVi. 

The sorts RV and RVn are called auxiliary. The valued field sort is the main 
sort. There are no other sorts. We write Val for the valued field sort. 

Definition 6.1.1. Let C^icn be the language of rings (+,—,-,0,1) for the valued 
field sort, together with function symbols rVn for all n > 0, and the inclusion 
language as defined below on the auxiliary sorts. 

Let Thcii be the theory of all fields in Hen in the language >CHcn- 

We will sometimes write K to denote both a model of Tijcn and the (universe of 
the) valued field sort of that model. 

6.1.2. The inclusion language on the RVn- Let K be in Hen. For e RVmiK), 
i = 1, . . . ,n, and for /, g polynomials over Z in n variables, we let the expression 



/(ai, . . . ,a„) 
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correspond to the set 

/(a) ■.= {x^K\ {3y e i^")(/(2/) = x ^rv^Xy^) = a.)}- 
By an inclusion 

(6.1) /(a) C g{a) 

of such expressions, we shall mean the inclusion of the corresponding sets. 

The inclusion language Crv on the sorts RVn, n > 0, consists of the three 
symbols +, •, C, interpreted as the relations explained in (|6.ip . (There are no terms 
in this language, only relations of the form f{x) C g{x), for / and g polynomials 
in xi, . . . , formed with + and •, with the Xi variables of the sorts RVm for some 
integers Ui > 0. 

Remark 6.1.3. 

(i) For an alternative (but essentially equivalent) language on the auxiliary sorts, 
see |BK) and [Scan]. 

(ii) Note that ord(a;) < ord(y) is valued field quantifier free definable using rv, for 
example, by rv{x) — rv{x + y). 

Definition 6.1.4. By an open, resp. closed, ball in a valued field K is meant a set 
of the form 

{x £ K \ ord(x — b) > ord(a)}, resp. {x G K \ ord(a; ~ b) > ord(a)}, 
with b Cz K , a (z . By a point is meant a singleton. 

Remark 6.1.5. For any n > 0, any nonzero ^ G RVn, and any h £ K, the set 

(6.2) X := {x K \ rv^{x ~ h) = 
is an open ball of the form 

{x e K \ ord(a; - b) > a} 

for any b £ X and a = ord(n(6— h)). Often, none of the points b is definable (over 
a certain set of parameters) while h and ^ are definable. This is the advantage of 
the description (|6.2p of the open ball X. 

The following is a consequence of Hensel's Lemma, see also |Coj . [D2j . |Pasl| . 
[Pas2] . 

Lemma 6.1.6. Let K be in Hen. Let 

m 

f{y) ^^a,y^ 

i=0 

be a polynomial in y with coefficients in K , let n > an integer, and let xq ^ be 
in RVn{K). Suppose that there exist io > and x Cz K with 

(6.3) rvn{x) — xq, and, OTd{aigX^°) is minimal among the ord(aix'), 
in the sense that 

min ord(aia;*) = ord(aioa;*°), 

0<i<m 

and such that 

(6.4) ord(/(x)) > OTd{n'^a,y°) 
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and 



(6.5) 



ord(/'(a;)) < ord{naigX 



.it) - 1 



)• 



Then there exists a unique b £ K with 



(6.6) 



f{b) = and rvn{b) = xq. 



Proof. The case that the he in the valuation ring K° and that a^p and x are 
units in K° follows from Hensel's lemma. The general case follows after changing 
coordinates. See |Paslj . Lemma 3.5, or |Pas2l for explicit change of variables. □ 

Definition 6.1.7 (Henselian functions). Let K be in Hen. For each integers m > 0, 
71 > 0, define the function 



as the function sending the tuple (oq, . . . , xq) with nonzero xq to b if there exist 
io and x that satisfy the conditions (|6.3p , (|6.4|) , and (|6.5p of Lemma 16.1.61 and 
where b is the unique element satisfying (|6.6p . and sending (oq, . . . , a,„, xq) to in 
all other cases. 

Define /Chch* as the union of the language Cucn together with all the function 
symbols h^.n- The functions hm,n are similar to those in |CLR1] . 

6.2. Tiie analytic languages. Let A = {Am,n} be a separated Weierstrass sys- 
tem, as defined in section [4] Define i^Hcn, A as the language £Hen together with 
function symbols for all the elements of „^m,n, with the field inverse (•)~^ on 
the valued field sort extended by = 0, and together with the induced language 
on the sorts RVn- The analytic function symbols are interpreted as zero outside 
their natural domains of products of the valuation ring and the maximal ideal. On 
their natural domains, they are interpreted via an analytic yl-structure. 

Let Thcii, a be the Caon, yi-theory of all Henselian valued fields in Hen with ana- 
lytic ^-structure. 

Likewise, one can give definitions of analytic languages and analytic theories 
arising from strictly convergent Weierstrass systems and strictly convergent analytic 
structures with n ^ 1, as defined in section and Definition 14.3.61 (i). We will 
not treat this separately. 

6.3. 6-minimality. To obtain cell decomposition, the criterion of 5-minimality of 
[CLb| is used. From 6-minimality many properties, like cell decomposition, dimen- 
sion theory, etc., follow immediately, see [CLbj . In this paper we need only prove 
6-minimality, because cell decomposition follows by [CLbj . see Remark 16.3.1 71 

First we recall the definitions for 6-minimality. 

By an expansion of a theory T in a language C is meant a theory T' in a 
language expanding C such that T' contains T. By definable is meant definable with 
parameters, unless we specify the parameters, for example by saying A-definable. 
A definable set is called auxiliary if it is a subset of a finite Cartesian product of 
(the universes of) auxiliary sorts. 



: K 



m+l 



X RVn{K) ^ K 
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Definition 6.3.1 (^-minimality for expansions of Tiicn)- Call an expansion of Thcii 
fe-minimal when the following three conditions are satisfied for every model if, any 
set of parameters A (the elements of A can belong to any of the sorts), for all 
A-definable subsets X and Y of (the valued field) K, and for every A-definable 
function F : X ^Y, 

(bl) there exists an ^-definable function f : X ^ S with S auxiliary such that 
for each s G f{X) the fiber /~^(s) is a point or an open ball; 

(b2) if g is a definable function from an auxiliary set to a ball, then g is not 
surjective; 

(b3) there exists an A-definable function f : X ^ S with 5* auxiliary such that 
for every s in 5 the restriction ^Fiy-ij^) is either injective or constant. 

Call / as in (bl) a b-map on X. (The / and S of (bl) and (b3) are allowed to be 
different.) 

Definition 6.3.2 (Centers for expansions of Tnon)- Say that a 6-minimal expansion 
of Thcii has centers when, in (bl) of Definition 16.3.11 one can choose / such that 
moreover there exist n > and an A-definable function 

h : f{X) ^ K 

such that for each s € f{X) with ,f^^{s) a ball, there exists a (necessarily unique 
and nonzero) ^ such that 

f-\s)^{xeK\rVn{x~h{s))^^}. 

Following [CLb] . call h a Bn-center of /. 

Remark 6.3.3. The definition of centers should be compared with Remark l6.1.5l 

Definition 6.3.4 (Preservation of all balls for expansions of Thch)- Say that a 
^-minimal expansion of Tfjcn preserves all balls when for every F as in Definition 
16.3. H f : X ^ S can be taken as in (b3) such that moreover for each s G S and for 
each open ball Z with 

Zcf-\s), 
F{Z) is either an open ball or a point. 

A function on an open subset of a valued field is called when it is continuously 
differentiable in the sense of Cauchy's e, (5-definition. 

Definition 6.3.5. Let F : Bi B2 he a. bijection between open balls Bi,B2 C K, 
with K a Hcnselian valued field. Say that F has the Jacobian property if the 
following conditions a) to c) hold 

a) F is on Bi, write Jaci^ for dF/dx : Bi ^ K; 

b) ru(JacF) is constant on Bi; write rv{JacF) = a; 

c) for all x,y G Bl with x y, one has 

ord(a) + ord(2; — y) = ord(F(a;) — F{y)). 

The Jacobian property of the following definition is useful for change of variables 
formulas, for example for p-adic or motivic integrals. 
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Definition 6.3.6. Say that an expansion T of Tnon has the Jacobian property if 
and only if the foUowing holds in any model X of T and any set A of parameters: 

For any A-definable bijection 

F -.X CK dK 

there exists a A-definable 6-map 

such that for each s e f{X) such that f~'^{s) is a ball, the restriction of F to f~^{s) 
has the Jacobian property. 

The main results of this section are the following two theorems: 

Theorem 6.3.7 (6-mimmality, Char(iir) = 0). Let A = {Am,n} be a separated 
Weierstrass system, as defined in section^ The theory Tijen, ^ eliminates valued 
field quantifiers, is b-minimal with centers and preserves all balls. Moreover, Tnen, A 
has the Jacobian property. 

Define /^Hcn A the language £Hcn, >t together with all the functions hm.n- 

Theorem 6.3.8 (Term structure, Char{K) ~ 0). Let K be a TB_cn,A-'model. Let 
X C be definable and let f : X ^ K be a Ciicn,AiA) -definable function for some 
set of parameters A. Then there exists a Ciicn,A{ A) -definable function g : X S 
with S auxiliary such that 

(6.7) f{x)^t{x,g{x)) 
for each x € X and where t is a C^^^,^ j({A)-term. 

The rest of section [^751 is devoted to the proofs of these theorems. We begin with 
five lemma's, for K in Hen. We will abuse notation and write / for f when / is 
in some (■)• 

Lemma 6.3.9 (Char(i^) = 0). Let B be the open ball K°Jg. Note that B is a 

K-annulus. Let g be in 0'^j^{B). Suppose that \g'{x)\ ~ 1 for all x G K°° and that 
g{0) = 0. Then there exists an integer hq such that the mapping x g{x) is a 
bi-analytic isometry between n^K°° and itself. 

Proof. Let c ^ K he such that \\g'\\ — |l/c|. Since eg' lives in Ao.i(-ft'), it is regular 
of some degree, hence, by Weierstrass Preparation for Af)^i{K), eg' equals a monic 
polynomial p over K° times a very strong unit E in Af)^i{K), for well chosen c. 
Suppose that c is infinitesimal (in the sense that |c| < |n| for all integers n > {)). 
Let K' be the fraction field of the quotient of K° by the ideal J consisting of the 
infinitesimals in K° . By example (11) in section WM K' has analytic A{I^)/J- 
structure. Let pj, resp. Ej be the image of p, resp. E, in Ao,i/Jv4o,i- Then Ej 
is a very strong unit, hence has no zeros, and pj is a monic polynomial. Thus 
PjEj is nonzero in A^ i/ J Aq^i but it has infinitely many zeros in LC'aigi hence 
Pj has infinitely many zeros in K'aigi which is a contradiction. Hence, c is not 
infinitesimal and there exists an integer no > such that |c| > |no|. Let q be the 
image of p in OK{noK°°g). Then 5 is a strong unit of constant size \q{x)\ > |no| 
for x € noK°i by definition of Oxinol^aig) ^y Remark [4. 1.71 Hence, if |no| is 
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small enough (we can always make no more divisible if needed), then the image h 
of g in OK{noK°ig) is regular of degree 1. (Indeed, automatically is regular 

of some degree a, and then one can replace no by a • no.) (Regularity of h of degree 
1 means that h{nQp) is regular of degree 1 in Ao^i{K).) It then follows for such no 
that h : nQK°ig "^o^aig ^^"^ ^^^'^ ^ ■ "-0^°° ^ noK°° are isometrics. □ 

Remark 6.3.10. Suppose that there is n > such that rvn{g') — 1 on then we 
can choose no in Lemma 16.3.91 such that moreover 

rvn{x -y)= rvn{g{x) - g{y)) 

for all a; ^ y in noK°°. This is stronger than saying that x i~> g{x) is an isometry 
between noK°° and itself. This property also follows from the regularity of degree 
1 of ft. at the end of the proof of Lemma 16.3.91 

Lemma 6.3.11 {ChaT(K) = 0). Fix elements bi in K for i — 0, . . . ,m, fix an 

integer n > 0, and x in K . Let B he the Cartesian product 

m 
i=Q 

where bi + n^biK°° = {0} whenever bi = 0. Then the map 
F : B ^ K : a\~^ /im^„(a, rw„(a;)) 
is given by some f in 0\B). 



Proof. If F is constantly zero on B there is nothing to prove. In the other case, F 
is nowhere zero on _B, by the definition of hm,n- Suppose thus that F is nowhere 
zero on B. First suppose that the bi lie in K° , that big is a unit and that ordx = 0, 
where io in {!,..., m} is such that ordbig is minimal among the ord&i in the sense 
that 

min ordbi — ord&i„ . 

0<i<m 

Define 

m 

g{Xi, po, . . . , Pm) := '^{n^biPi + bi){nXi - xf 

0=1 

in ylo,m+2(^), where Ai runs over K°° and p over (i^r°°)™+^. Since big and x are 
units, since F is nonzero, by conditions ()6.4p and (|6.5p . and by the definition of 
ft„,„, one has for aU (Ai,p) G {Kl1g)'^+^ that 

ord(5(Ai,p)) > ord(n2) 

and that 

ord(5'(Ai,p)) < ord(n), 
with g' the derivative of g w.r.t. Ai. Rewrite 

m 

5(Ai,p) ^^h,{p)\\, 

i=0 
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Then, by Taylor's Theorem, > \n\ for all p E thus hi{p) ^ comes from 

an element of „i^i{K) and hi{p)~'^ ■ g is regular of degree 1 in Ai in A^^rn+iiK). 
Hence, by Weierstrass preparation for Ao,m+2(-f^) one has that 

.g = i;(Ai,p)(Ai + %)), 

with h{p) in A^^m+iiK), E a unit in AQ^rn+2{K), and with Ai + h{p) regular of 
degree 1 in Ai. So, by Weierstrass Division one can compose g and —h. Thus, in 
this case, one can take ^h{p) for /. In the general case, one can perform a change 
of variables as in the proof of Lemma [6. 1.61 to reduce to the above special case, by 
using that the rings O^-) are closed under meaningful composition. 

□ 

Lemma 6.3.12 (Char(_ftr) = 0). Let n > be an integer. Let B he the open hall 
Kaig- Note that B is a K-annulus. Let E in 0'^^{B) he a strong unit, cf. Definition 
\5.1.4\ Then one has that rVn{E'^){x) only depends on rVn{x) when x varies over 
K°° 

Proof. The unit E in C'J^(_B) — Aq_i{K) ®k° K is automatically of the form 

E{pi) =c + pig{pi) 

for some c € K and g G 0\^{B) such that |c| > \\g\\, cf. Remark 14.1.71 Now 
suppose that xi, X2 G K°ig with rt;„(xi) = rvn{x2)- Then xi — (l + na)a;2 for some 
a G I^aig- I* enough to treat the case c = 1 (after dividing by c). Then 

E{xi) = I + {I + na)x2g{{l + na)x2) 

= 1 + {\ + na)x2g{x2) + nahi 

= 1 + X2g{x2) + nah2 

= (1 + 2;2ff(a;2))(l + nah2{l + X2g{x2)y^) 

= E{x2){l + nah2{l + X2g{x2))-^), 

with hi and h2 in K°, by Taylor expansion of g{{l + na)x2) around X2. Now we 
are done since nah2{l + X2g{x2))~^ lies in nK°° . □ 

Remark 6.3.13. The algebraic analogue of Lcmma [6.3.14i namely, with Tijon instead 
of %icn,A and £Hcn(^) instead of £Hcn,^(^), follows from [CLbj . Lemma 7.2.11 
and Proposition 7.2.4, or from Theorems 7.2.6 and 7.2.9 of [CLbj . 

Lemma 6.3.14 (Char(i^) — 0). Let K he a Tucn. A-^odel, letn>0 he an integer, 
and let fi{y) he Cucn.Ai A) -valued field terms in the K -variable y for i — 1 . . . , k, 
with A a set of parameters. Then: 

(i) There exists a C]icn,A{ A) -definable b-map (cf. Definition 1 6. 3. 1\ ) 

\:K^ S 

with Bn- center 

c : X{K) K 

such that for each i 

rv„ o fi 

is a component function of X (that is, A composed with a coordinate projec- 
tion gives rVn{fi)). 
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(ii) One can ensure that the image of A is defined by an Cucn, A (^) -formula 
without valued field quantifiers and that c is given by an C^^^^ j({A)-term. 

Proof. We may suppose that A C K, since /^hch, ^(^)-valued field terms can not 
involve auxiliary constants. Let K' be the valued subfield of K which given by all 
£Hon, ^(^)-valued field terms. The field K' clearly has analytic y^-structure. Then 
K has analytic ^(ii'')-structure by Remark |4. 5. 8i extending the y^-structure. Since 
the Tfjen, ^(^)-valued field terms are the same as the Thch. yt(A:')-valued field terms, 
we may suppose that A{K') = A and that A is empty. 

Apply Theorem l5.5.3l and Remark l5.5.4l to each of the fi, yielding a finite number 
of polynomials over K' , rational functions over K' and strong units. Write pi for the 
polynomials (including the denominators and numerators of the rational functions). 
Now by Remark 16 . 3 . 1 31 applied to the polynomials p£, Remark l5.5.4i and by Lemma 
16.3.121 and since on the auxiliary sorts lies the full induced language, there exist 
functions A and c as desired. □ 

The next lemma is only needed for the ball preservation property statement of 
Theorem 16. 3. 71 it is not needed to prove 6-minimality and we use ^-minimality once 
in the proof. 

Lemma 6.3.15 {Cha.r(K) — 0). Lett{x,u) be a C^^^ _^{A) -valued field term in the 
valued field variable x, with u a fixed tuple of elements of A of auxiliary sorts. Let 
n > be an integer. Then there exists a b-map f : K S for some auxiliary S such 
that for each ball B of the form f^^{s) the restriction of the function x t{x,u) 
to B lies in 0\^{B). 

Proof. We give a proof by induction on the complexity of the term t. Suppose that 
terms ti(x,u), i = 0, . . . , to with to > have a &-map fi : K ^ Si a.s in the lemma. 
Define / as 



Then, since O]^ [B) is a ring for any ball B and since the intersection of two open 
balls is either empty or an open ball, the lemma is satisfied for this / when t is 
the term ti + t2 and likewise for the product ti • ^2- Finally we treat the term 
hm,nifo, ■ ■ ■ 1 tm, for n > 0. By &-minimality and a compactness argument (see, 
for example, the section on cell decomposition in [CLb| ). we may suppose that the 
rVn2{ti{x,u)) are constant on each fiber /~^(s). Apply Lemma [6. 3. 11 1 and the fact 
that the rings 0{B)''{K) are closed under (meaningful) composition to see that this 
/ is as desired. The term {■)~^ is a special case of the functions hm,n (see the proof 



Proof of Theorem \6.3.T\ Write C for /Chch, yt- Although valued field quantifier elim- 
ination can be proven for C in the same way as it is historically done for many of 
the examples in section 4, we give a slightly different proof. So, let us first prove 
elimination of valued field quantifiers. Let -ftT be a Tnen, ^-model. Let {p(^, x, w) be 
a valued-field-quantifier-free >C-formula with auxiliary variables ^ running over say 



f:K^\{Sr.x^U,{x)\. 




□ 
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5", valued field variables x running over if™ and one valued field variable w. We 
have to prove that there exists a valued field quantifier free formula 9 such that 

{(C, x)\K^ 3w^{i, X, w)} ^{{^,x)\K\^ e{^, x)}. 

Let Ti be the valued field terms occurring in ip. By rewriting 95, we may suppose 
that these terms only occur in the form rVn(Ti) for some n. By Lemma 16.3.141 and 
by compactness, there exists a definable function 

X:Sx K'"'+^ S' X Sx K"' 

with S' auxiliary such that the rVn{Ti) are component functions of A (that is, A 
composed with a coordinate projection gives ru„(ri)) and such that the image of A 
is given by a valued field quantifier free formula. But then it is easy to construct 
9, by quantifying over S' . This proves the quantifier elimination statement. 

Next we prove (bl) and the property about centers. Let X C K he a. C{A)- 
definable set, given by a valued-field-quantifier-free £(A)-formula 1^9(2;). Let the fi 
be all the valued field terms appearing in ip. Lemma l6.3.14l applied to the fi implies 
(bl) and the property about centers. 

Property (b2) follows from the quantifier elimination statement. Namely, con- 
sider a valued field quantifier free formula ip in one valued field variable x and 
auxiliary variables ^ running over S, giving the graph of a surjection from an auxil- 
iary set 5 to a ball. Let Ti{x) be the nonzero valued field terms appearing in (p. We 
may suppose that they all appear in the form rVn{Ti{x)) for finitely many i, since 
Ti{x) = is equivalent to rw„(Ti(x)) = 0. Since ip associates to any ^ a unique x, 
it follows that x satisfies Jli '''«(''') ~ 0. Since we may suppose that the Ti are not 
identically zero, (b2) follows. 

For (b3) one uses Lemma 2.4.4 in section 2 of [CLbj : property (*) there is clear 
by looking at quantifier free formulas in two valued field variables which give a 
definable function, as for (b2). Such a formula ip has nonzero valued field terms 
Ti{x, y) in the valued field variables x and y. We may again suppose that they only 
appear in the form rVn{Ti{x,y)) for finitely many n. Since ip describes a graph of 
a function x ^ y, this graph must lie in Ti = 0. Now it is clear that either the 
image is finite, or some fiber is finite. This proves (*) of [CLb| and thus (b3). 

The ^-minimality is proven. 

Next we will show that preservation of all balls (in correspondence with the 
Jacobian) is a consequence of Theorem I6.3.8[ Lemmas 16.3.91 and 16.3.151 and a 
compactness argument. 

Let F : X d K K he yl-definable for some A. By Theorem l6.3.81 there exists 
a /Choii, ^(^)-definable function g : X S with S auxiliary such that 

(6.8) f{x)^t{x,g{x)) 

for each x £ X and where <: is a ^Jj^jj _^(A)-term. By 6-minimality with centers, we 
may suppose that g is a 6-map which has a i?„(,-center c for some np. By Lemma 
16.3.151 we may suppose that on each ball B of the form g^^{s) the restriction of 
X ^ f{x) to B is in Ol^{B). By 6-minimal cell decomposition, we may moreover 
suppose that rvn{f'{x)) is constant on each such B. Fix a ball B of the form g~^{s), 
say, of size as, namely of the form {x \ ord(x — 6) > as} for some h. Then there 
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exists by Lemma 16.3.91 an integer ns such that the restriction of af to any baU of 
size as + ord(nB), contained in B, is an isometry, with a any element of the same 
size as 1//' on B. By compactness, there exists a single integer n which can serve 
for all numbers ns for all such B. One can easily refine g such that c becomes a 
Sn no"Center, in a way such that each ball g~^{s) is replaced by a union of balls of 
size ord(n) smaller than g~^{s). The Jacobian property then follows. □ 

Remark 6.3.16. Remark |6.3. 101 together with the above proof can be used to get a 
stronger Jacobian property than the one given in Definition 16.3.61 Namely, given 
n > 0, the function / in Definition 16.3.61 can be taken such that for each s e .f(X) 
such that f^^{s) is a ball, the restriction of F to /"^(s) has the Jacobian property 
and moreover, for all s G f{X) and all x,y G f~^{s), 

a{s)rvn{x - y) = rVniF{x) - F{y)) 

where rw„Jaci^ is constant on /^^(s) and a{s) :— ru„JacF(/~^(s)). This property 
is a local form of the monotonicity property of [Schikhj . section 86. 

Proof of Theorem\MM This proof is similar to that of Theorem 7.2.9 of [CLb] 
and follows from 6-minimality with centers and Lemma 16.3.141 Note that it is 
enough to work piecewise. Namely, with the functions /ii^i one can make terms 
which are characteristic functions of rv(l), rv{2)^ and so on, so, and hence one 
can always paste together a finite number of terms on finitely many disjoint pieces. 
For example, to obtain the characteristic function of y C X as a term, define 
g{x) G RV as rv{l) when x G Y and as rv{0) else, and let t{x,^) be the term 
/ii,i(l, —1,0- Note that also the valued field inverse can be given by a term, using 
hi^i{l,—y,rv{l/y)). See |CLR1] for more detail. 

By Lemma r6.3.14l and compactness as in the proof of Theorem 7.2.9 of [CLbj . and 
with 6- minimal terminology of |CLbj . section 3 and 6 about cell decompositions, 
it follows that a cell decomposition theorem holds where all the centers are given 
by /^Hon ^(^)-terms. Partitioning the graph of / into such cells yields the desired 
piecewise terms. □ 

Remark 6.3.17. Cell decomposition (as well as other properties) for Tfjcn,^ now 
follows immediately from [CLbj and the 6-minimality of Tfjcn, A established in The- 
orem [6l3l7l 
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